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1. Introduction

Counting world sheet instantons (that is, holomorphic curves) on a Calabi-Yau threefold
has had a large number of applications in mathematics and physics, ever since it was
essentially solved by mirror symmetry several years ago [f]. The purpose of this paper is
to take into account an important subtlety that does not appear in very simple Calabi-Yau
manifolds like hypersurfaces in smooth toric varieties. This subtlety is the appearance of
torsion curve classes. That is, the homology!' group

Hy(X,Z) =7° & Zs & Zs (1.1)

contains the torsion® subgroup Zs @ Zs. Here, the manifold of interest X is a quotient of
one of Schoen’s Calabi-Yau manifolds [f], H] by a freely acting symmetry group. There are
already a few known examples of such Calabi-Yau manifolds with torsion curves [f—f], but
the proper instanton counting has never been done before.

The prime motivation for studying these curves is that one would like to compute the
superpotential for the vector bundle moduli [[]-[[§] in a heterotic MSSM [[]-Rj]. Our
main result will be that there exist smooth rigid rational curves in X that are alone in
their homology class. This proves that, in general, no cancellation between contributions
to the superpotential W from instantons in the same homology class can occur.

Therefore we would like to count rational curves on X. In physical terms, we need to
find the instanton correction 971)1(‘?0 to the genus zero prepotential of the (A-model) topo-
logical string on X. This is usually written as a (convergent) power series in h'! variables
¢a = €™ Each summand is the contribution of an instanton, and the (integer) coeffi-
cients are the multiplicities of instantons in each homology class. According to [6, P7, I
the novel feature of the 3-torsion curves on X is that for each 3-torsion generator we need
an additional variable b; such that b? = 1. The Fourier series of the prepotential on X

becomes
np _ : ni . n2,.n3Epmipm
SFX7(](p7Q7r= b17b2) - E n(nl,ng,ng,ml,mg) L13 (p lq ’r Sbl 1b2 2)7 (12)
ni,no,n3EL
m1,mo€Z3

where 75, 1g.n3,m1,mo) 18 the instanton number in the curve class (n1,n2, 13, m1,ma).

For the purpose of computing the prepotential, we can either use directly the A-model
or start with the B-model and apply mirror symmetry. The A-model calculation was carried
out in the companion paper [[l], entitled Part A. The results were:

e A set of powerful techniques to compute the torsion subgroups in the integral ho-
mology and cohomology groups of X. They are spectral sequences starting with the
so-called group (co)homology of the group action on the universal cover X.

n the following, Zs def 7,/37 always denotes the integers mod 3. Similarly, we write (Z3)" = ®,Z3 =
Z3 @ --- @ Zs for the Abelian group generated by n generators of order 3.
2Not to be confused with the torsion tensor of a connection.



e A closed formula for the genus zero prepotential

2 2
Fo(pq.7,b1,b2) = ( > pbib%>P(Q)4P(7“)4 +O0(p?) = ) Lig(pbih) + -+ (1.3)

1,7=0 1,7=0

to linear order in p, extending the one computed in [Rg] for the universal cover X.
Here, if p(k) is the number of partitions of k € Z>, then P(q) is the generating

function for partitions,

P(g) &> p(i)g' = n(%iinq)' (1.4)
=0 27

e Expanding eq. ([.J) as an instanton series we find that the number of rational curves
of degree (1,0,0,m1,ms) is:

n(1,070,m17m2) = 1, v mi,mo € Zg. (1.5)

Furthermore, these curves have normal bundle Opi(—1) ® Op1(—1). Hence, there are
indeed 9 smooth rigid rational curves which are alone in their homology class.

Alternatively, one can start with the B-model topological string and apply mirror symme-
try, which is what we will do in this paper, entitled Part B. This will allow us to obtain the
higher order terms in p. The order in p up to which one wants to compute the instanton
numbers is only limited by computer power. We will again find a closed formula at every
order in p, however, this time by guessing it from the instanton calculation, and hence only
up to the order given by this limitation. The way to arrive at this result is as follows:

e The universal cover X admits a simple realization as a complete intersection in a toric
variety. In this situation, mirror symmetry boils down to an algorithm to compute
instanton numbers. Unfortunately, there are many non-toric divisors which cannot
be treated this way. It turns out that, after descending to X, precisely the torsion
information is lost. In this approach one can only compute CT'"I;(I?O(ql, q2,q3, 1,1).

e As a pleasant surprise we find strong evidence that the manifold X is self-mirror.
In particular, we attempt to compute the instanton numbers on the mirror X* by
descending from the covering space X*. The embedding of X* into a toric variety
is such that all 19 divisors are toric. In principle, this allows for a complete analysis
including the full Z3 @ Z3 torsion information, but this is too demanding in view of

current computer power.

e Although the full quotient X = X /(Zs x Zs) is not toric, it turns out that a certain
partial quotient X = X /Zs can be realized as a complete intersection in a toric
variety. That way, one only has to deal with h''(X) = 7 parameters, which is
manageable on a desktop computer. Assuming the self-mirror property, we work
with the mirror X ', for which again all divisors are toric, and we can compute the
expansion of S’";l(po(p, q,7, 1,b) to any desired degree. A symmetry argument then
allows one to recover the b1 dependence as well. Finally, we can extract the instanton

numbers n(p, ., y including the torsion information.

n3,mi,msa



e As can be seen from the A-model result eq. ([.3), we observe that the prepotential

3’“;1?0 at order p factors into 22 b’lb; times a function of p, ¢, r only. This means

i,j=0
that the instanton number does not depend on the torsion part of its homology class.
We will explain the underlying reason for this factorization and show that it breaks
down at order p3. This fits nicely with the B-model computation at order p3, where

the instanton numbers do depend on the torsion part.

e Another consequence of the self-mirror property is that X is a non-toric example for
the conjecture of [ff]. By this conjecture, certain torsion subgroups of the integral
homology groups are exchanged under mirror symmetry.

An easily readable overview and a discussion of the physical consequences of our findings
for superpotentials and moduli stabilization of heterotic models was presented in [R7]. The
present Part B is self-contained and can be read independently of Part A [[I]. All necessary
results from Part A are reproduced in this part.

As a guide through this paper, we start in section P with a brief overview of the
topology of the various spaces involved as determined in Part A [. This is followed by
a review of the Batyrev-Borisov construction of mirror pairs of complete intersections in
toric varieties in section []. We illustrate this construction by means of the covering spaces
X and X* of our example. The review includes the techniques to compute the B-model
prepotential and the mirror map. These are applied in section [ to the partial quotients
X and X yielding the main results stated above. This assumes that X as well as X
are self-mirror, and evidence for this property is recapitulated in section [l Moreover,
we show how the torsion subgroups are exchanged. Section | contains an explanation for
the breakdown of the factorization alluded to above. Putting all the information together
we try to guess a closed form for the prepotential in section f]. Finally, we present our
conclusions in section f. In the course of this work we will notice that a certain flop of X

is very natural from the toric point of view, and we will present it in appendix [B.

2. Calabi-Yau threefolds

2.1 The Calabi-Yau threefold X

The Calabi-Yau manifold X of interest is constructed as a free G %< Z3 X Z3 quotient of
its universal covering space X. The latter is one of Schoen’s Calabi-Yau threefolds Bl
It is simply connected and hence easier to study. Among its various descriptions are the
fiber product of two dPy surfaces, a resolution of a certain 7% orbifold [R9], or a complete
intersection in a toric variety. In the present Part B, we will mostly use the latter viewpoint.
The simplest way is to introduce the toric ambient variety P? x P! x P? with homogeneous
coordinates

<[.%'0 Y o T .%'2], [to : tl], [yo LY y2]> € ]P’Q X ]P’l X ]P’Q . (2.1)

The embedded Calabi-Yau threefold X is then obtained as the complete intersection of a
degree (0,1,3) and a degree (3,1,0) hypersurface in P? x P* x P2, We restrict the coeffi-
cients of their defining equations F; = 0 to a particular set of three complex parameters



A1, A9, Az, such that the polynomials F; read

to <£Cg + 3 + x%’) +t <x0x1x2) df By (2.2a)

(AMito +t1) (yg’ +yi+ yg’) + (Aato + Asty) (y0y1y2) . (2.2b)

For the special complex structure parametrized by Aj, Ao, A3 the complete intersection is
27
ED

invariant under the G = Z3 x Z3 action generated by (¢ def =3
[0+ 1 2 @] v [0 : (a1 : (P
91« [to : t1] — [to : t1] (no action) (2.3a)
o 51 = yo] = [yo : Gy : Py

and
[xo : @1 1 @] — [x1 @ X9t ]
92§ [to : t1] — [to : t1] (no action) (2.3b)
[yo : 1 y2] = [y1 Y2t wol

One can show that the fixed points of this group action in P? x P! x P? do not satisfy
eqs. (B.24) and (R.2H), hence the action on X is free.

2.2 The intermediate quotient X

The partial quotient

X X/a (2.4)

will be of particular interest in this paper because this quotient is generated by phase
symmetries, see eq. (2.34), and hence is toric. In particular, we will need a basis of Kihler
classes. As usual, we will not distinguish degree-2 cohomology and degree-4 homology
classes but identify them via Poincaré duality. Part A [ subsection 5.3 shows that?

H*(X,Z) = HX(X,Z)"" @ Zs = spany, {QS, T1, U1, Y1, T2, U2, ¢2} ® Zs. (2.5)

Hence, by abuse of notation, we can identify the free generators on X with the G;-invariant
generators on X, see Part A eq. (8.48), via the pull back by the quotient map. The triple
intersection numbers on X = X /Z3 are one-third of the corresponding intersection numbers

3The torsion in H? are just the Wilson lines, that is, first Chern classes of flat line bundles. They will
play no role in the following. The torsion curves in Hs, on the other hand, are the focus of this paper.



Calabi-Yau Free Torsion
Hy(-.2)
threefold generators generators
X zv {po,qo0:---,q8:70,-.-,78} a
X=X/Gy VARV {P,Q1,Q2,Q3, R1, Ra, R3} {b1}
X:X/G Zg@Zgg@Zg {p,q,?“} {blabQ}

Table 1: The different Calabi-Yau threefolds, curve classes, and variables used to expand the

prepotential.

on X listed in Part A eq. (8.50). Hence, the intersection numbers on X are

P2 =3  ¢miva =3 ¢nY2 =6 QPuim2 =3 Ppuvrv2 =3
puiy =6  GhiTa =6 G =6 =12  rimp=1
iy =1 hhy =2 Tuim=3 nuiuy=3 TUy =06
TY1Ta =3 TYP1ve =3 TPy =6 nTs =1 Timv =3
T2 = 3 TvE =3 Tivgy =6 T =6 vity =3 (2.6)
Vivg =3  vie =6 viiTa =6 uvithva =6 vhithy = 12
U1T22 =1 vimuve =3 uimYs =3 Ulvg =3 wvvYy =6
vy =6  Yin=6 Yfn=6 Pita=12 P75 =2
P1mvy =6 ity =6 Pivi =6 Yroghy =12 i =12,

Clearly, Go acts on the partial quotient X. From Part A eq. (8.54) it follows that, of the
7 non-torsion divisors above, only 3 are Gs-invariant. This invariant part is particularly
manageable and will be important in the following. We find

oy G ~ G
B*(X,2)¢ = B*(X,2)$* = spang {¢, i, Tz} (2.7)
with products 37}2 = 1;¢. In particular, the triple intersection numbers on X are
=1, mern =3, 7 =1, (2.8)

and 0 otherwise. Finally, the second Chern class of X is c2(X) = 12(7Z + 72). Therefore,

(X)) n=12, «(X)-¢=0, c(X) =12 (2.9)

2.3 Variables

As we discussed in Part A subsection 8.1, the instanton-generated superpotential should
be thought of as a series with one variable for each generator in Hs.

In particular, we will be interested in the Calabi-Yau threefolds X , X, and X. For
these, the degree-2 integral homology and the variables used (see Part A [f[] for precise
definitions) are in summarized table[l. Pushing down the curves by the respective quotients



lets us express the prepotential on the quotient in terms of the prepotential on the covering
space. We found in Part A that

(P QI’QQ’Q&RLR?’R&bl) ’G ‘ XO<PQ1Q2R5R

QYQ5, Q17Q5°Q5°bh, Q1'Qy ", @3, Q3b1, Qs3, 1, by, 1Q%5,
RIRS, RU?Ry*R3°v:, R Ry Y, RS, R3b, Rs, 1, b3, R R}
(2.10)

and

I
9:X()(paqu bl,bg) ’G ’ XI)’O(]% q, 627 627 T, b%? b%? bl) (211)

3. Toric geometry and mirror symmetry

In this section we review mirror symmetry and the construction of the B-model for the
mirror of the covering space X. Since X is a complete intersection in a toric variety, we
can use the standard constructions. Because we expect the model to be self-mirror, we will
analyze the B-model for X and its mirror X*. The toric geometry for X is much simpler?
than for X * but contains less information. In this section we will start with the simpler
model in order to review the Batyrev-Borisov construction for the mirror of a complete
intersection in a toric variety. Then we will apply this construction to the more complicated
model, now without going into too many details. We will see that, on the simpler side,
not all parameters are toric and no torsion is visible. However, on the more complicated
mirror side, all parameters are toric which will allow us, in principle, to perform the B-
model computation of the complete prepotential. As X 2 X*is expected to be self-mirror,
this determines the complete prepotential Sr)?,o = }2,0 as well. In practice, however, the
analysis is computationally too involved.

Fortunately, the space X = X /G1 and its mirror will turn out to be both tractable with
toric methods and sufficiently informative. This quotient will be the subject of section [
Finally, this is also the starting point for arguing in section [ that the self-mirror property
persists at the level of instanton corrections.

Recall that, in subsection R.1] we defined our Calabi-Yau manifold as the complete
intersection

X def {Flzo, F,=0} C P2xP' xP (3.1)

with the two polynomials Fy, F5 as in egs. (2.28) and (2.2H), respectively. In order to

construct the mirror manifold following Batyrev and Borisov, we need to reformulate this
definition in terms of toric geometry. We review here some essential ingredients of toric
geometry, for details we refer to [B, and references therein. We will give the abstract
definitions and concepts step by step, and at each step illustrate them with the example
X and its mirror manifold X*.

4Meaning that Xisa complete intersection in the very simple toric variety P? x P! x P?, whereas X* is
embedded in a complicated toric ambient variety.



3.1 Toric varieties

Given a lattice N of dimension d, a toric variety Vy is defined in terms of a fan ¥ which
is a collection of rational polyhedral® cones ¢ C N such that it contains all faces and
intersections of its elements. Vs is compact if the support of X covers all of the real
extension Nr of the lattice N. The resulting d-dimensional variety Vy is smooth if all
cones are simplicial and if all maximal cones are generated by a lattice basis.

Let ©(1) denote the set of one-dimensional cones (rays) with primitive generators p;,
i = 1,...,n. The simplest description of Vy introduces n homogeneous coordinates z;
corresponding to the generators p; of the rays in ©(1). These homogeneous coordinates are
then subjected to weighted projective identifications

[21 :---:zn] = [)\qga)zl :---:)\qga)zn] a=1,...,h (3.2)

for any nonzero complex number A € C*,| where the integer n-vectors qi(a) are generators of
the linear relations ) nga) p; = 0 among the primitive lattice vectors® p;. In order to obtain
a well-behaved quotient, we must exclude an exceptional set Z(3) C C™ that is defined in

terms of the fan, as will be explained below. Hence, the quotient is
Ve = (cn - Z(E))/((CX)h X r), (3.3)

where I' ~ N/span{p;} is a finite abelian group. There are h = n — d independent C*
identifications, therefore the complex dimension of Vx equals the rank d of the lattice N.
The identifications by I' are only non-trivial if the p; do not span the lattice V. Refinements
of the lattice N with fixed p; can hence be used to construct quotients of toric varieties
Vs, by discrete phase symmetries such as Zs. Such quotients will be discussed in section .
Note that the rays p; are in 1-to-1 correspondence with the (C*)-invariant divisors D; on
Vs, which are defined as

D; = {Zz = O} C V. (3.4)

Conversely, the homogeneous coordinate z; is a section of the line bundle O(D;).
For example, consider the simplest compact toric variety, the projective space P%. Its
fan ¥ = ¥(A) is generated by the n = d + 1 vectors

d
pr=e1, p2r==€, ..., Pn_1=E€q, pn:_zei (3.5)
=1

of a d-dimensional simplex A. They satisfy a single linear relation, Y ;" | p; = 0. Therefore
¢; = 1 for all 7, and the homogeneous coordinates in eq. (B.J) are the usual homogeneous
coordinates on P%.

5Here, the tip of the cone is always the origin of N. A cone is rational if it is spanned by rays which
pass through lattice points (other than the origin), that is, have rational slopes. A cone is polyhedral if it
is the cone over an (d — 1)-dimensional polytope. In other words, curved faces are not allowed.

SWe will use the same symbol p. to denote the generators in »® and the corresponding primitive lattice
vectors in N.



For products of toric varieties we simply extend the relations for any single factor by
zeros and take the union of them. Hence, the fan of the polyhedron A* describing the
5-dimensional toric variety P? x P! x P? in eq. (B.]) is generated by the n = 5+ 3 = 8
vectors

P1 = €1, P2 = €2, pP3 = —€1 — €3, P4 =E€3, (3 6)
pP5 = —€3, pPe = €4, pP7=E5, pg = —€4 — €5

satisfying the linear relations

3 5 8
ZﬂiZZPiZZM:O- (3.7)
i=1 i=4 i=6

Except for the origin, there are no other lattice points in the interior of A*. The corre-
sponding homogeneous coordinates will be denoted by

Z1 = Xo, Z = 1, z3 = T2,
z4 = o, z5 = t1, (3.8)
26 = Yo, 27 = Y1, Z8 = Y2.

In more general situations, given a polytope A* C N we will denote the resulting toric
Variety by ]P’A* = VE(A*)'

3.2 The Batyrev-Borisov construction

Batyrev showed that a generic section of K];Al*, the anticanonical bundle of Pa+, defines
a Calabi-Yau hypersurface if A* is reflexive, which means, by definition, that A* and its
dual

A:{xeMR((m,y)2—1 VyeA*} (3.9)

are both lattice polytopes. Here, M = Hom(N,Z) is the lattice dual to N and Mp is
its real extension. Mirror symmetry corresponds to the exchange of A and A* [BJ. The
generalization of this construction to complete intersections of codimension r > 1 is due
to Batyrev and Borisov [BJ, B4. For that purpose, they introduced the notion of a nef
partition. Consider a dual pair of d-dimensional reflexive polytopes A C Mg, A* C Ng. In
that context, a partition £ = E1U---U E,. of the set of vertices of A* into disjoint subsets

Eq,...,E, is called a nef-partition if there exist r integral upper convex »(A*)-piecewise
linear support functions ¢; : Ng — R, [ = 1,...,r such that
1 if p e Ey,
di(p) = . (3.10)
0 otherwise.

Each ¢; corresponds to a divisor

Doy= Y _ D, (3.11)

PEE;

on Pa+, and their intersection

Y = DO,I n---N DOJ« (312)



defines a family Y of Calabi-Yau complete intersections of codimension r. Moreover, each

¢; corresponds to a lattice polyhedron A; defined as
A= {x € Mg ‘ (x,y) > —pi(y) Vye NR}. (3.13)

The lattice points m € A; correspond to monomials

2 =[[="™""  eT (Par, 0(Dyy)). (3.14)
=1

One can show that the sum of the functions ¢; is equal to the support function of KEZAl*
and, therefore, the corresponding Minkowski sum is Ay + -+ + A, = A. Moreover, the
knowledge of the decomposition £ = FEy U --- U E, is equivalent to that of the set of
supporting polyhedra II(A) = {Ay,..., A}, and therefore this data is often also called a
nef partition.

It can be shown that given a nef partition II(A) the polytopes”

Vi={0}UE;) C Ng (3.15)

define again a nef partition II*(V) = {Vy,...,V,} such that the Minkowski sum V =
Vi+ -+ V, is a reflexive polytope. This is the combinatorial manifestation of mirror
symmetry in terms of dual pairs of nef partitions of A* and V*, which we summarize in
the diagram

A=A +...+A, A*=(Vi,..., V)
//
Mirror
Mr Symmetry Nr i (3.16)
|
V*:<A1,...,Ar> (A, V) > =61 V=Vi+...4+V,

In the horizontal direction, we have the duality between the lattices M and N and mirror
symmetry goes from the upper right to the lower left. The other diagonal has also a
meaning in terms of mirror symmetry as we will explain below. The complete intersections
Y C Pax and Y* C Py associated to the dual nef partitions are then mirror Calabi-Yau
varieties.

Let us now apply the Batyrev-Borisov construction to the complete intersection
eq. (B.1), hence r = 2. There exist several nef-partitions of A*. The one which has the cor-
rect degrees (3,1,0) and (0,1, 3) is, up to exchange of ty and t1, E; = {p;|i = 1,...,4} and
Es ={p; i =5,...,8}. Adding the origin and taking the convex hull yields the polytopes

V1:<p1,...,p4,0>, v2:<p5,...,p8,0>, (317)

"The brackets < . > denote the convex hull.

,10,



where the p; are defined in eq. (B.4). The two divisors cutting out the Calabi-Yau threefold
are, according to eq. (B.11]),

4 8
D071 = ZDZ', D072 = ZDZ = X = D071 N DO,Q C Pax (3.18)
=1 =5

Note that, while A* has no further lattice points, its dual A has 18 vertices and 300 lattice
points. Using the computer package PALP [BJ], we determine the associated polytopes
A and Aj of the global sections of O(Dy 1) and O(Dy2), respectively. In an appropriate
lattice basis there is, up to symmetry, a unique nef partition consisting of

Al == <l/1,. . ,1/6,0>, AQ == <l/7, .. .,1/12,0>, (319)
where
V] = 2e1 — ea, vy = —eq + 2e9, V3 = —e] — eg,
vy =261 —ey—e3, Us=—e;+ 2 —e3, Ig=—e€ —ex—e3, (3 20)
v = 2e4 — €5, vg = —ey4 + 2es, Vg = —e4 — €5, ‘
vip =e3+2eq4 —e5, V] =e€3—eq+2e5, Vg =e€3—eq— es.

Among these 12 vectors there are the 7 independent linear relations

3vs+ vy +v5 — 205 =0, 3vg + v + vi1 — 2v12 =0,

v1 — vy — vy + g =0, —v1+ v+ —vs =0,
(3.21)

vy —vg — v + 12 =0, —vr+vg+vig—ri1 =0,

—V2—|—V5—V8+V11:0.

The convex hull V* = (A, Ag) yields the fan ¥(V*) and, consequently, the toric variety
Py«. Let Df,i =1,...,12 be the divisors associated to the vertices v;. Then, by eq. (),
the nef partition eq. (B.19) defines the divisors

6 12
Dg, = ZD;7 Dg, = Z Dy, = X'=DyNDjy CPy- (3.22)
i—1 i=T

cutting out the mirror complete intersection X*. In contrast to A*, the polytope V*
contains extra integral points. We find that it contains, in addition to the origin and the
vertices in eq. (B.20), the 26 points

1 1
Vi3 = 5(”4 +vs+16) = —€3,  Vidg6ktits = g(ygk-f—i + 2U3145),

1 1
V14 = g(Vlo + 11+ 1/12) = €3, V15+6k+itj — g(ygk_H + 2V3k+i) (3'23)

Vked{o,...,3}, (4,5) € {(1,2),(1,3),(2,3)}.

For completeness, note that the dual polytope V has 15 vertices and 24 lattice points.
Running PALP to compute the Hodge numbers using the formula of [@], we obtain

WHH(X) = hM2(X) = hM(X) = WM (X7) =19, (3.24)
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in agreement with Part A [fl], eq. (2.5).

So far, we have mainly focused on the information contained in the reflexive polytopes
A* and V* and ignored their duals. We have already mentioned that in the reflexive case a
generic section of KEZAl* defines a Calabi-Yau manifold, and that such sections are provided
by the lattice points of A. In other words, A and V are the Newton polytopes of ¥ and
Y*, respectively. That is, the complete intersection Y (Y*) is defined by r polynomial
equations, and the exponents of the monomials in each equation are the lattice points in A
(V). More precisely, the Minkowski sum for, say, A = A; +---+ A, defines r homogeneous

polynomials
T
F) = an [ TT #™7,  1=1...r (3.25)
me I'=1 pi€
ANM VNN
with coefficients a;,, € C. The simultaneous vanishing of Fi,...,F, then defines the

complete intersection Calabi-Yau manifold Y C Pa+. Exchanging A; and Vi in eq. (B.29)
yields the equations F}* defining the mirror manifold Y*. It is in this sense that the
map from the upper left to the lower right in eq. (B.16) is also a manifestation of mirror
symmetry. Since we will not need the actual polynomials for X and X * we refrain from
writing them explicitly. Instead, we refer the reader to section [], where we determine the

equations in a simpler situation.

3.3 Toric intersection ring

Up to now we have only considered one of the ingredients in the fan 3, namely, the
generators p € L) which defined the C* action in eq. (B.3). The second ingredient
is the exceptional set Z(X). It corresponds to fixed loci of a continuous subgroup of
((CX)h for which the quotient eq. (B.J) is not well defined. Therefore, these loci have to
be removed. In terms of the homogeneous coordinates z;, this happens precisely when a
subset {z;]i € I}, I C {1,...,n}, of the coordinates vanishes simultaneously such that
there is no cone ¢ € ¥ containing all of the p; C o, i € I. Hence, the set Z(X) is
the union of the sets Zy = {[z1 : --- : 2, |2 = 0Vi € I}. Minimal index sets I with this
property are called primitive collections [B7]. In order to determine the index sets I we need
a coherent® triangulation T = T(A*) of the polytope A* for which all simplices contain
the origin. Different triangulations will yield different exceptional sets and, hence, different
toric varieties. However, for simplicity, we will mostly suppress the choice of a triangulation
in the notation. In the case of complete intersections, only those triangulations of A*
are compatible with a given nef partition that can be lifted to a triangulation of the
corresponding Gorenstein cone, see [BY].

The polytope defining projective space P4 admits a unique triangulation with the
required properties, and this triangulation consists of n = d + 1 simplices. The only
primitive collection is I = {1,...,n}. This is well-known from the definition of projective
space, where we have to remove the origin z; = --- = 244, = 0 from C%*!. Similarly, the

8Coherent triangulations, sometimes also called regular triangulations, satisfy some technical property
that is equivalent to the associated toric quotient being Kéahler.
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polyhedron A* for the ambient space Pax of X admits a unique triangulation, and the
primitive collections are those of its factors, that is,

I = {1,2,3}, I = {4,5}, I3 = {6,7,8}. (3.26)

The mirror polyhedron V*, on the other hand, admits a huge number of triangulations.
We will discuss particularly interesting triangulations of the mirror polyhedron at the end
of appendix [A].

The primitive collections determine the cohomology ring of toric varieties and, together
with the nef partition, complete intersections. Recall that if the collection p;,, ..., p;, of
rays is not contained in at least one cone, then the corresponding homogeneous coordinates
z;, are not allowed to vanish simultaneously. Therefore, the corresponding divisors D;, have
no common intersection. Hence, we obtain non-linear relations Ry = D;, -...- D;, = 0
in the intersection ring. It can be shown that all such relations are generated by the
primitive collections I = {iy,...,ix} defined above. The ideal generated by these R; is
called Stanley-Reisner ideal

Isg = (Ry, I primitive collection) C Z[Dy, ..., Dy], (3.27)

and Z[Dy, ..., D,]/Isr is the Stanley-Reisner ring. The intersection ring of a non-singular
compact toric variety Py is [B]

H*(Ps,Z) =Z[Dx, ..., Dy /<ISR7 > (m, pi) D). (3.28)

i
In other words, the intersection ring can be obtained from the Stanley-Reisner ring by
adding the linear relations ) . (m, p;)D; = 0, where it is sufficient to take a set of basis
vectors for m € M. In particular, the intersection number of the divisors spanning a

maximal-dimensional simplicial cone o = spanRZ{Pil, ey Pig ) is
Do Dy, = — (3.20)
o T Vol(o) ’

where Vol(o) is the lattice-volume, that is, the geometric volume divided by the volume %
of a basic simplex. For practical purposes it is sufficient to compute one of these volumes,
the remaining intersections can be obtained using the linear and non-linear relations.
Having found the intersection ring of the ambient toric variety, we now turn to the
complete intersection Y C Pa~. The toric part of its even-degree intersection ring is [[i(]

tegric(Y7Q) = Q[DhaDn] /IY7 (330)

where Iy is the ideal quotient

)

Iy = <ISR,Z(m,pi)Di> - I Dou (3.31)
=1

Note that it can happen that some of the D; appear as generators of Iy. This means that
they can be set to zero in the intersection ring. Geometrically, this means that these divisors
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do not intersect a generic complete intersection Y. While the intersection ring depends
on the triangulation T'(A*) through the primitive collections defining the Stanley-Reisner
ideal, we conjecture that the divisors D; not intersecting Y are independent of the choice
of triangulation. This conjecture is proven for » = 1 and supported by a large amount of
ioric(Y) is in general
smaller than hb!(Y) for the following two reasons: Only h = n — d = dim H?(Pa~,Z)
divisors are realized in the ambient toric variety Pa+, and some of them may not descend

empirical evidence for » > 1. We conclude that the dimension dim H?

to the complete intersection Y. Using the adjunction formula we can compute the the
Chern classes of Y by expanding

3

(1+ Dy)
oY)y=242 (3.32)
(1 + DO,l)

-
Il

=

1

o~

The intersection ring together with the second Chern class determine the diffeomorphism
type of a simply-connected Calabi-Yau manifold [[]]. If we consider the cohomology with
integral coefficients there can be torsion and, in fact, this is what this paper is all about.
Unfortunately, a combinatorial formula in terms of the fan ¥(A) for the torsion in the
integral cohomology of a toric Calabi-Yau manifold is only known in the hypersurface
case [f].

We now illustrate these concepts in the example of the complete intersection X C
Pa+ = P? x P! x P2 and its mirror manifold X*. In eq. (B.2() we already determined the
primitive collections, hence the corresponding Stanley-Reisner ideal is

Isg = (D1D2Ds, D4Ds, Dg D7 Ds). (3.33)
The linear equivalences are D1 = Dy, D1 = D3, Dy = D5, Dg = D7, Dg = Dg and, hence,

we can choose K1 = Dy, K9 = D1, K3 = Dg as a basis for H2(IP’A*). In terms of this basis,
we obtain Dy = K + 3Ky and Dg o = K + 3K3, see eq. (B11). Therefore, the ideal I
in eq. (B.19) is
I = (K3°K> — Ko K3, K1 Ko — 3K, K1 K3 — 3K3°, Ki%, Ko, K3°). (3.34)
Next, we define the restriction of the K; to X to be the divisors
J; = K; - X = K;(K1 + 3K5)(K, + 3K3). (3.35)

We need to compute one of the intersection numbers directly from the volume of a cone,
say, JiJaJs = K1 K2 K3(Ky + 3K2) (K + 3K3) = 9K1 K3K2, where we made use of the
relations in I. Using eq. (B.29), this intersection can be evaluated to be

9K 1 K3 K3 = 9D1D2DyDg D7 = 9/ Vol ({p1, p2, pa, pé. p7)) (3.36)
=9/ Vol ((61, €9, €3, €4, e5>) =9,

Then, again using eq. (B.34), we see that the only non-vanishing intersection numbers and
the second Chern class are

J3J3 =3, JiJods =9, JoJi=3,

o e 7 (3.37)
C2 (X)J1:0, C2 (X)J2:36, C2 (X)J3:36
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(X) = 3 of the h1}(X) = 19 parameters are realized torically. Com-
paring the triple intersection numbers with eq. (2.§), it is clear that these 3 toric divisors

Note that only htlt,)}"ic
are precisely the G-invariant divisors on X.

A similar, though much more complicated, calculation can be done for X* C Py=.
Using the results of appendix [A] one can show that, among the points in eq. (B.23), the 14
divisors Di5, D34, DT2+6k+z‘+i‘7 Dis . 6rvirs k= 0,2 appear as generators of eq. (B-31) and,
therefore, do not intersect X*. Subtracting from the remaining 24 divisors in egs. (B.20)
and (B:23) the remaining 5 linear relations in eq. (B21), we find that all hlL (X*) =
hY1(X*) = 19 moduli are realized torically.

3.4 Mori cone

As we have just seen, the cohomology classes D; span H?(Px,R) = H!(Py). The Kihler
classes of a smooth projective toric variety Px form an open cone in H'!(Px) called the
Kahler cone K(Pyx). This cone has a combinatorial description in terms of the fan ¥, which
we Now review.

First, define a support function to be a continuous function v : Ng — R given on each
cone o € ¥ by an m, € Mg via

P(p) = (Mmy,p) Vp € o C Ng. (3.38)

A support function determines a divisor D = . 1(p;)D;. We say that D is convex if ¢ is a
convex function on Ng. The convex classes form a non-empty strongly convex polyhedral
cone in HY(Py) whose interior is the Kihler cone K(Ps). Such a support function is
strictly convex if and only if

Tzz)(pil +oee pik) > ¢(Pi1) +ooet ¢(plk) (3'39)

for every primitive collection I = {i1,...,i;} [E]]. The dual of the Kihler cone K(Py) is
called the Mori cone or the cone of numerically effective curves NE(Py). Its generators
can be described by vectors (%) of the corresponding linear relations > lga p; = 0. Each
face of the Kéhler cone K(Py) is dual to an edge of NE(Pyx). These edges are generated by
curves ¢ and the entries of the vector 1) are

(1), = D;. (3.40)

A practical algorithm to find the generators for [(4) in terms of the triangulation T'(A*) is
described in [iJ]. Of course, we are not interested in the ambient space but in a complete
intersection Y C Pax. The restriction of a Kéahler class on the ambient space yields a
Kahler class on Y, but not every Kahler class on Y arises that way. We define the toric
part of the Kéhler cone on Y as the restriction [|13]

K(Y )toric = K(Ps)|,, € K(Y). (3.41)

)y

In the simplicial case, we can always take the basis J; of Hgoric(Y,Q) to be edges of the
Kéhler cone. The dual of the toric Kéhler cone of Y is the (toric) Mori cone NE(Y )toric-
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This is sufficient for mirror symmetry purposes, however, it can be larger than the actual
cone of effective curves. Once the generators 1) of NE(Pa-) are determined, we need to
add the information about the nef partition. For this purpose, we define

1§, Do @ m=1,....r (3.42)
Finally, it is customary to write the generators of the Mori cone NE(Y )toric as

) = (1), @), (3.43)

9 (],ra

which are, by abuse of notation, again denoted by (@), The knowledge of the (toric) Mori
cone is important for several reasons. It defines the local coordinates on the complex
structure moduli space of the mirror Y* near the point of maximal unipotent monodromy.
Moreover, the generators enter the coefficients of the fundamental period which is a solution
of the Picard-Fuchs equations as we will review in subsection @
For example, using the unique primitive collections in eq. ), the Mori cone for

Pa- is generated? by

1M =0, 0, 0, 1, 1, 0, 0, 0)

1®=(1, 1, 1, 0, 0, 0, 0, 0) (3.44)

1) =(0, 0, 0, 0, 0, 1, 1, 1).

Recalling the nef partition Dg1 = Dy + -+ 4+ Dy, Dg2 = Ds + --- + Dg, we prepend
(—=Do,1 - cla), —Dg s - @) = (=3,0), (=1,-1), (0,-3), a = 1,2,3, to obtain the generators

1M =(-1,-1; 0, 0, 0, 1, 1, 0, 0, 0)
1® =(=3, 0;1,1, 1,0, 0, 0, 0, 0) (3.45)
1) =( 0,-3;0,0,0,0,0, 1, 1, 1)
of the Mori cone NE()Z' )toric- Due to the large number of toric moduli, the calculation
for the Mori cone NE(Py+) of the ambient toric variety of the mirror X* is much more

complex.

3.5 B-model prepotential

Mirror symmetry identifies the quantum corrected Kahler moduli space of Y with the
classical complex structure moduli space of Y*, see the excellent treatise in [iJ] for details.
The deformations of the complex structure of Y* are encoded in the periods w = f7 Q and
the latter can be computed from the equations F}* that cut out Y* C Py«. Given the Mori
cone eq. () and the classical intersections numbers k. = Jyu-Jp- J. we follow [@ f@,
to write down a local expansion of the periods, convergent near the large complex structure
point, which is characterized by its maximal unipotent monodromy. In the following, we

will review just the bare essentials.

9We sort the Mori cone generators such that the first one corresponds to the P! of the ambient space,
and the second and third generator are the hyperplane sections of the two P2. In other words, we have
Jo - c¢® = 6%, This is the basis of curves that we used for the A-model computation.
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The coefficients a; in the polynomial constraints F}* of the complete intersection Y™,
see eq. (B.29), define the complex structure of Y*. A particular set of local coordinates u,
on the complex structure moduli space on Y* is defined by
T
1® (b
up = H Ao ail b=1,...,h (3.46)

m=1 i=1

where h 9 htlt’iic(Y) and @y, is the coefficient in (B.25) corresponding to the origin in V;.
In these coordinates, the point of maximal unipotent monodromy is at u; = 0. We define

the cohomology-valued period

I1(1-3 l(()?m*]a)_ ki

h
[T ot (3.47)
a=1

ZZ:I lz('a)"a

where (), = I'(z+n)/T'(x) is the Pochhammer symbol. Note that the choice of triangula-
tion is implicit in the generators 1(*) of the Mori cone. Expanding w(u, J) by cohomology
degree yields

h h
w(u,J) = @ (u) + Z =V (w)J, + Z @ () kapeJpJe — @) (1) dVol, (3.48)
a=1 a=1

where dVol is the volume form. The coefficients in eq. (B.4§) are the fundamental period
w©® (u), that is, the unique solution to the Picard-Fuchs equations holomorphic at u, = 0,

and
1
wM(u) = dy,@(u, J)| =0, o (u) = o fiabc01, 05w (u, J)]1=0,
1
@ () = ~ < Habes, 05,052 (u, J)|1=0. (3.49)

These coeflicients coincide with the basis of solutions of the Picard- Fuchs equations ob-
tained from the Frobenius method in [I@, BI]. The B-model prepotential 9’{;*70 is

h
1
B - (0) 3) (1) (2)
Ty« o(u) = 220 ()2 (w (w)@w" (u) + Zwa (u)ewy; (u)) . (3.50)
At the large complex structure point the mirror map defines natural flat coordinates on
the Kéhler moduli space of the original manifold Y, which are
1
= (u)

t; = , i1=1,...,h. 3.51
wo(u) ( )

We also define ¢; = ety = uj + O(u?). One way to obtain the prepotential is to compute
its third derivatives

abc

e = DaDyD.FP. o = / QA 0,0,0.9, (3.52)

*
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and apply the Picard-Fuchs operators. This leads to linear differential equations, which

determine C7, up to a common constant, see again (6, for details. The quantum

C
corrected three point function Cj;i(q) on Y follows from C¥, (u) using the inverse mirror

map eq. (B.-51)) u = u(t), and one obtains
1 Oug Oup Ou -,

Cijr(q) = =00 (u(q))2 O, DL, by, abe(W(q))- (3.53)
In practice, we use the formula
(2)
wp (u
Cinla) = 01,0, 2 () (3.54)

@ (u(q))’

Integrating three times with respect to ¢; yields the prepotential 3"5*70@) up to a polynomial
of degree three in ¢; which can be determined partially by the topological data of Y.

Mirror symmetry then ensures that the B-model prepotential, eq. (B.5(]), is equal to
the A-model prepotential. That is,

Fyo(q) = Iy o(u(q))- (3.55)
This allows us to compute the instanton numbers ng. For the case of interest,

X € Par =P% x P! x P?, (3.56)

we refer to [R§] where this program been carried out in detail. The same calculation can
in principle be done on the mirror X*, but the large number of toric moduli again makes
it highly extensive. Instead, we refer to the next section where a suitable quotient of X+
will be treated in detail for which the computations are reasonably simple.

4. Quotienting the B-Model

In this section we consider the quotient X = X /G in terms of toric geometry and study the
mirror of X in this context. In order to achieve this, we first analyze the partial quotient
X=X /G1. Using the techniques introduced in section f], we construct the mirror X"
Using their toric realization, we perform the B-model computation for the non-perturbative
prepotentials 3’“%07 0 and 3’“%0*70, respectively. Finally, we explain how one can implement the
quotient by Ga on both sides in order to obtain X and X*.

4.1 The quotient by G;

We start with a review of the general discussion of free quotients of complete intersections
in toric geometry in [BI]. Consider a fan ¥ C Ng and pick a lattice refinement N such
that ' = N/N is a finite abelian group. Such a lattice refinement consists of a finite
sequence of lattice refinements of the form N — N 4 w,Z which are described by a vector
wy = é > apipi with ap; € Z. The group I is then isomorphic to Hp Zy,. Let ¥ be the
fan obtained from ¥ by relating everything to the lattice N. In this context, we make some
additional identifications in the toric quotient eq. (B.J) [£q]. One finds that Vs = V5 /T is
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the quotient of Vx, by the finite abelian group I'. Its action on the homogeneous coordinates

is by multiplication by phases

27i

[21 :---:zn] — [50‘121:---:50‘”27”], E=¢eF, (4.1)

for every cyclic subgroup of order k. We will denote such group actions by Zj, : (aq,...,ap).
If Vs is a compact toric variety, then the quotient Vi is never free BY]. However, a
hypersurface or complete intersection in V5 need not intersect the set of fixed points, and
in that case we get a smooth quotient manifold with nontrivial fundamental group.

We now apply this to Pas = P? x P! x P? defined in eq. (B-f). The first step in
performing the quotient of Pa+ by G thus amounts to a refinement N = wZ + N of the
lattice N with index |Gi| = 3. From the definition eq. (R.3d) of the action of G; on Pa«
and eq. (B.§) we read off that the refinement is by a vector

w € %(m +2p3 + p7 + 2ps) + Z°. (4.2)
The resulting polytope A* admits the same nef partition as A* in eq. (B.17),
Vi={p1,...,p4,0), Vo = (ps,...,ps8,0). (4.3)
where we express the generators p in terms of p as

ﬁi:pl7 Z‘Zl""767
pr = pr+e1+ 2es + eq + 2es, Ps = ps — €1 — 2e3 — eq — 2e5. (4.4)

It is easy to check that the p; satisfy the same linear relations eq. (B.7) as the p;, and that
w = %(ﬁl — P2+ ps — p7) = —ea — e5. The p; together with w therefore indeed generate
the lattice N. Note that, while all 8 non-zero lattice points of A* are vertices, the dual
polytope A has 18 vertices and 102 points. Using PALP [BH] again, we compute the lattice
points of the polytope V* = (A1, Ay) C Mg, which will describe the ambient space of the
mirror X of X. We find

Al = <I71,...,I76,0>, AQZ <177,...,512,0>, (45)
where we express the vertices 7; in terms of the vertices v; of V* as

U3kt1 = V3kt1, Vg2 = V342 — €5, U3pp3 = Uspp3 +e5, k=0,...,3. (4.6)

Again, it is easy to check that the ; satisfy the same linear relations eq. (B:2])) as the v;.
It turns out that the lattice points of V* generate a sublattice M of index 3 in M, and the
lattice refinement is generated by

*

w* = = (1 + 209 + 207 + 3) = ez + €4 — e5. (4.7)

Wl
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Among the points of V* listed in eq. (B.23) only v13 and v14 are also lattice points of the
sublattice M. In fact, we have 13 = 113 and D14 = v14. Hence, V* has 12 vertices and 15
lattice points; its dual V = V; + V5 has 42 lattice points among which 15 are vertices.'°
Once we have the polytopes A* and V*, we can construct X and X as complete
intersections entirely analogous to X and X*, see section B. That is, using eq. (B.11)), we

define
X = DO,I N DO’Q, Y* = DS,I N D8,2 (49)

in terms of the nef partitions eq. ([.3) and ([LH), respectively. Here, D; and D} denote the
divisors associated to the generators p; and ;, respectively. The absence of fixed points of
the G1 action on the complete intersection X is guaranteed by the fact that the resulting
polytope A* C Ng has no additional lattice points B1]. Hence, X=X /G1 has a non-
trivial fundamental group 7 (X) = Zg. Surprisingly, it turns out that the mirror X" is
a free quotient as well. To see this recall that, as noticed above, the lattice points of V*
generate a sublattice M of index 3 in M. Furthermore, V* also has no additional lattice
points with respect to V*. Therefore, there is a group G ~ Zg acting torically on Py-«.
On the homogeneous coordinates this action is

*

glz[zlz---:zlg] — [Czl:C2z2:23:---:ZG:C2z7:C28:zgz---:zlg]. (4.10)

Hence, X = X*/G% also has a non-trivial fundamental group 71(X ") = Zs. Note that

is never happens for ersurfaces in toric varieties [[]. Having the toric representation
thi happens for hyp faces in tori icties [[]. Having the toric rep tati
of X and X, we can now compute their Hodge numbers. It turns out that

pHH(X) = hA(X) = M (X)) =X =7, (4.11)
in agreement with Part A [}, eq. (5.16).

4.2 The quotient by Go

We now turn to the G5 action, which does not act torically. Hence, we cannot, in principle,
find a toric variety containing X = X/Go as we did for the G quotient above. However,
at least we have to ensure that X and X are Go-symmetric. This can be achieved via
suitable symmetries in the toric data.

The easy part of the toric data for X is the polytope A*. The G action on the ambient
space permutes the homogeneous coordinates, see eq. (R.3H). In terms of toric geometry,

10Note that all of our polytopes differ from the non-free Zz x Z3 quotient of A* defined in [@]7 Proposition
7.1. In the notation of [@] their quotient is

V' #£P|l00011100]| |03
73 : 12
00000011/ |11 3: 00001200

11100000\ [30
/23.01200000 (4.8)

and has 21 points and 8 vertices in the lattice V.
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this means that it permutes the corresponding points of the polytope. That is,!!

g2 ﬁl = ﬁ1+(i mod 3) Vi € {17273}7
92 pa— pi,  Ps i P, (4.12)
92 P5+i = Pot(i mod 3) Vi€ {1,2,3}.

It induces a mirror group action G5 on X" which is geometrical, rather than a quantum
symmetry as discussed in [4§]. The action of G is obviously the dual group action on the
dual lattice M, which again must be a symmetry of the relevant polytope V*. We find
that

95 V3k+i = Uskg14(i mod 3) VA =0,...,3, i€ {1,2,3}. (4.13)

As a check on the mirror group action, note that the matrix of scalar products, see eq. ({.19)
below, is invariant. That is,

(92(m1), g3(or)) = (pus o) VI T (4.14)

By abuse of notation, we denote the corresponding cyclic permutation of homogeneous
coordinates by g5 as well. Using this action, we define the mirror of X to be X* = X" /G5.
This idea has already been used for the construction of mirrors of orbifolds of the quintic [{d]
soon after the discovery of the first mirror construction by Greene and Plesser.

Following eq. (B.2), the equations for the Calabi-Yau complete intersections X and
X" are defined by evaluating the matrix of scalar products (p;, ;) + &;1, which are

(,) +
p1
P2
p3
P4
Ps5
P6
p7
P8

N
=
[SI
CFI
El

N
ot
§|
N
=
w
N
N
OSI

g V1o V11 V12 V14
0O 0 0 O

(4.15)

O OO =HIO O O W
O OO =IO O Wwo
O O O =IO W o o
O OO W HIO O o o
S W o RO o o o

0
0
0
0
1
0
0
3

O O O Ol O O W
O O O Of= O W o
O O O Of= Ww o O
O O O RO = = =
O O W o=k O O
S W o Ol O O
W O O Ol O O
T e ) = o Ml

The equations of X can now be read off from the columns of eq. (f.15), and one finds

F = ()\5750 + )\th)(ﬂ?g + les + x%) + ()\7t0 + )\gtl)CCQCCle, (416&)
Fy = (Aito + Mat1) (yg + 4 +43) + (Mato + Ast1)yoyrye, (4.16b)

where the Go-symmetry has been imposed. Note that the last monomial in each equation
corresponds to the vector 0 € A;, [ = 1,2. Two of the eight coefficients A, can be fixed by
normalizing the equations, say Ay = A5 = 1, and three correspond to the symmetries of P,
that is, SL(2) transformations of [to : t1]. Hence, we can, for example, set \¢ = A7 = A\g =

1We define the modulus operation such that (i mod 3) € {0, 1, 2}.
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0. This leaves us with 3 complex structure deformations A1, A, and A3, see eqgs. (R.29)
and (R.2h)).
The equations defining X* correspond to the rows of eq. (.1§), that is,

* 3.3, 3.3, .3.3
Ff' = a1(272) + 2525 + 2325) 213 + (a2210211212214 + 03242526213) 212223, (4.17a)

* 3.3 3.3 3.3
F2 = a4(z7210 + 25271 + 29212)214 + (a5z4z5z6213 + a6210211212z14)z7z8z9, (4.17b)

where, again, invariance under G has been imposed and the last monomial of each equation
comes from the lattice point 0 € V;, ,l = 1,2. Both equations are homogeneous with
respect to all seven scaling degrees that follow from the linear relations eq. (B.21). Among
the twelve scalings of the coordinates z;, six are compatible with the cyclic permutations
g5, see eq. ({.13). Subtracting the three Gy symmetric independent scalings among the
relations eq. (B-21)), there remains one torus action that acts effectively on the parameters
plus two normalizations of the equations. As expected, the six parameters a,, of the
equations of X* thus become the 3 complex structure moduli.

So far, we only considered the polytopes A* and V*. However, this is only part
of the toric data defining the manifolds X and X, respectively. In addition, we need
the triangulations and the corresponding exceptional sets. A change in the triangulation
corresponds to a flop of the toric variety. The very real danger is that not all, and perhaps
none, of the flopped Calabi-Yau manifolds are Go-symmetric. For X C Px. this turns
out to be unproblematic, but for X' c Pg. we will find a condition for the choice of a
triangulation.

4.3 B-model on X

We now return to the discussion of the triangulations and the intersection ring of X.
The analogous, but technically much more involved discussion of X will be presented in
subsection [L.5.

For X everything is straightforward since the Gi-quotient did not introduce addi-
tional lattice points in the associated polytope A*. Therefore, just like for the polytope
A* of the covering space X , there exists a unique triangulation. In particular the prim-
itive collections, the Stanley-Reisner ideal, and the ideal I% are identical to the ones in
egs. (B-24), (B-33), and (B.34) since they are derived from the same triangulation. Moreover,
one can easily see that this triangulation is Gp-invariant and, hence, X is Gy symmetric.

The only change is in the normalization of the intersection ring in eq. (B.34), since the
total volume has to be divided by 3 = |G1|. This can also be seen in eq. (f.4), where the
volume of the cone is now 3 instead of 1. Hence, on X the intersection ring and the second
Chern class are

J2Js =1, JiJoJs = 3, JoJ? =1,
co (X)-J1 =0, co (X) - Jp =12, co (X) - Js3 = 12. (4.18)

Comparing these intersection numbers with eq. (B.§), it is clear that the toric divisors
should be identified with the G-invariant divisors on X as

j1 = gb, j2 =T, J3 = 79. (4.19)
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The curves spanning the Mori cone on the cover turn out to be Gi-invariant as well.
Therefore, the Mori cones NE(Px.) and NE(X )ioric are identical to those in egs. (B.44)
and (B.45), respectively.

Following the steps given in section [ we now want to compute the B-model prepotential

ng* o plug in the mirror map, and obtain the prepotential on X

S0P Q1,Q2,Qs, Ry, Ry, B3, by). (4.20)
We immediately realize the following two caveats:

e We do not know how to incorporate the torsion curves H2(Y,Z)tors = Zsz into the
toric mirror symmetry calculation.

e Of the 7 Kihler classes on X, only 3 are toric.

This means that only 3 out of the 7+ 1 variables in the prepotential are accessible, and the
remaining ones are set to one. Looking at the intersection numbers eq. (1.1§), it is clear
that the 3 divisors are precisely the Ga-invariant divisors on X, see eq. (R.§). Therefore,
these 3 variables must be those that map to the variables p, ¢, and » on X. By comparing
with eq. (R.17)), we see that the corresponding variables on X are P, @y, and R;. Hence,
we actually only compute

IR (PQLLLRLLLT) = Y nX Liz (P QU2 RY™). (4.21)

(n1,m2,n3)
ni,n2,m3
In effect, this means that the resulting instanton numbers are not just the instantons in a
single integral homology class, but the instanton numbers in a whole set of integral homol-
ogy classes. The instanton numbers sum over all curve classes that cannot be distinguished
by P,Q1, Ry € Hom (HQ(Y, 7), (CX). Up to total degree 4 and the symmetry

X
N(nymams) = "(ni,ns,ne) (4.22)
the resulting instanton numbers are

X X X 5'd
n(1,070) - 27 n(17071) = 108 n(17072) = 378 TL(17073) = 1080

X X X X
ny = 432 n{y g9 = 1512 nj5 ) = =54 niyq) = =756 (4.23)

X X
nig11) =864 nizoq) =9

4.4 Instanton numbers of X

Knowing the prepotential on X, we now want to divide out the free G action and arrive at
the prepotential on X. Since we do not know the complete expansion but only eq. ({.21),
we have to set by = by = 1 in the descent equation (R.11]). This yields

Fo(pg,m,1,1) = é Tolp a1, 1,m1,1,1)

= Z nélynz,ng) Lis (pnlqn2 7“"3) .

ni,n2,n3

(4.24)
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X — X
(n1,m2,n3) (n1,m3,n2)”
up to total degree 5 are

Up to the symmetry n the non-vanishing instanton numbers for X

X X X X
'I’L(17070) =9 n(l,O,l) =36 n(17072) =126 n(17073) = 360
X X X X
'I’L(17074) = 945 TL(LLl) =144 n(17172) = 504 TL(171,3) = 1440
nE Lo =1764 nk = —18 0 o = —252 nis . = —1728 (4.25)
(1,2,2) (2,0,1) (2,0,2) (2,0,3) )
X X X X
n(2’171) = 288 n(271’2) = 3960 n(370’1) =3 n(370’2) = 252

i) = 756,

Unfortunately, this direct calculation misses the torsion information and only yields the
expansion 3’“;1?0 (p,q,7,1,1). The by dependence was lost because the toric methods do not
yield this part, and the by dependence was lost because the relevant divisor on X was not

toric. Comparing with the full expansion of the prepotential

X .
Srf)l(lfjo (p, q,7, b1, b2) - Z " (n1 n2,n3,m1,m2) Lis (pnlanTnSleb;n2)’ (4'26)
EEs

see Part A eq. (8.39), this means we only obtain the sum of the instanton numbers over all
torsion classes

2
X X
n(n17n27n3) = Z n(nl,n27n3,m1,m2)' (427)
mi,ma2=0
Clearly, this destroys the torsion information, that is, the instanton numbers n{fl Ln2ms) do

not depend on the torsion part of the integral homology. For comparison purposes, we list

the instanton numbers n?fll nans) for 0 < ny,n9,n3 < 5 in table f.

4.5 B-model on X

We now study the mirror Y*, which sits in a more complicated ambient toric variety.
Consequently, the analysis is more involved. The big advantage, however, will turn out to
be that all hll(y*) = 7 Kéhler moduli are toric, which will enable us to obtain the full
instanton expansion.

Since the polytope V* in eq. (f.6) is not simplicial, we have to specify a resolution
of the singularities, that is, a triangulation T(V*). Moreover, not any triangulation will
do, but we have to make sure that it is compatible with the action of the permutation
group G35. While a tedious technicality, the existence of such a resolution has to be shown
in order to establish the existence of a geometrical mirror family of X. In particular, we
show in appendix [§] that there is no projective resolution of the ambient space among the
720 coherent star triangulations of V* that respects the permutation symmetry eq. ({13).
In other words, if one demands G5 symmetry then the ambient toric variety cannot be
chosen to be Kahler, but only a complex manifold. Clearly, in that case there is no Kéhler
cone and the usual toric mirror symmetry algorithm does not work. What comes to the
rescue is that there are two classes of non-symmetric projective resolutions for which the
symmetry-violating exceptional sets do not intersect X . Hence the complete intersection
is Go-symmetric, even though the ambient space is not.
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ng(()ynzvns) némzyns)
lo 1 2 3 4 5 B0 1 2 3 4 5
no n2
0]0 0 0 0 0 0 0 0 3 252 4158 40173 287415
110 0 0 0 0 0 1 3 756 15390 164280 1259685 7763364
210 0 0 0 0 0 2 252 15390 426708 5427684 46537092 310465062
3o 0 0 0 0 0 3 | 4158 164280 5427684 73971360 657552966 4487097816
410 0 0 0 0 0 4 | 40173 1259685 46537092 657552066 5948103483 41016575313
510 00 0 0 0 5 | 287415 7763364 310465062 4487097816 41016575313 284581389204
nﬁ,n2,7b3) nﬁ,n2an3)
) 1 2 3 4 5 & 0 1 2 3 4 5
no n2
0 9 36 126 360 945 2268 0 0 0 144 6048 107280 1235520
1 | 36 144 504 1440 3780 9072 1 0 ~306 12348 —207000 —2273400 — 19066500
2 | 126 504 1764 5040 13230 31752 2 144 12348 348480 14609520 235219680 2505155400
3 | 360 1440 5040 14400 37800 90720 3 6048 —207000 14609520 520226784 8245864800 87989812560
4 | 945 3780 13230 37800 99225 238140 4 | —107280 2273400 235219680 8245864800 131759049600 1417949658000
5 | 2268 9072 31752 90720 238140 571536 5 | —1235520 —19066500 2505155400 87989812560 1417949658000 15365394415800
ngynzvns) nf’»mzyns)
'3 0 1 2 3 4 5 '3 0 1 2 3 4 5
no n2
0 0 18 252 1728 —9000 38308 0 0 0 15 5670 189990 3508920
1 18 288 3960 27648 143748 620928 1 0 36 13140 474840 8793648 111499020
2 | —252 3960 54432 380160 1976472 8537760 2 45 13140 1112886 38961252 TTTT59975 10723515300
3 | —1728 27648 380160 2654208 13799808 59609088 3 5670 474840 38961252 1952428464 47357606430 732897531720
4 | —9000 143748 1976472 13799808 71748000 309920688 4 | 189990 8793648  7TTT59975  A7357606430 1237373786439  19911043749420
5 | —38808 620928 8537760 59609088 309920688 1338720768 5 | 3508920 111499020 10723515300 732897531720 19911043749420 327006066948660

. ; X _ X
Table 2: Summed instanton numbers ng, 0= 3" L NG

The table contains all non-vanishing instanton numbers for 0 < nj,ns,n3 < 6.

(hence not distinguishing torsion) computed by mirror symmetry.




We conclude that the extended Kéhler moduli space of X contains two symmetric
phases. We will denote these two classes of triangulations by Ty = T4 (V*), see appendix [Al
In fact, the two phases are topologically distinct, and only the triangulation T describes
the threefold X~ that we are interested in. In appendix B, we will investigate the other
triangulation 7" which describes a flop of X .

Following subsection B.3, given the triangulation 7, we can determine the primitive
collections. This immediately yields the Stanley-Reisner ideal

Isg = <D1D13, Dy Dy, DyDi3, D3 Dy, D3Ds, D3D13, DyD1g, DyD11, DyDso,
DyDy4, DsDyo, D5 D11, D5 D13, D5 D14, DgD1g, Dg D1y, DD,
DgDy4, D13D1g, D13D11, D13D1a, D13D1y, D7 D1y, DgD1g, Dg D1,
DgD14, DyD1g, DgD14, D1 Dy D3, Dy Dy Dg, D1 D5Dg, Dy D5 D,
D7DgDy, D7Dy D11, D7 D11 D13, D10D11D12> (4.28)

where we dropped the superscript * on D for ease of notation. From this, in turn, we
obtain the generators l_(f ) of the Mori cone NE(Pg.):

M=o, 0 0 0 0 0 1,0 0-1, 0, 0, 0, 1)
= 1,0 0-1,0 0,0 0 0 0,0, 0, 1, 0)
1 =(-1, 1, 0, 1,1, 0, 0, 0, 0, 0, 0, 0, 0, 0)
I =(Co0-1,1,0 1,1, 0, 0, 0, 0, 0, 0, 0, 0)
1 =( 0, 0,-1, 0, 0, 1, 0,~1, 0, 0, 1, 0, 0, 0) (4.29)
%= o0, 0 0 0 0 0~1, 0, 1, 1, 0,=1, 0, 0)
I =( 0, 0, 0,0, 0, 0,0, 1,1, 0,~1, 1, 0, 0)
™ —=(o0,0 0 1,1, 1, 0, 0, 0, 0, 0, 0,—3, 0)
1 =(o0,0 0 0 0 0 0 0 0 1, 1, 1, 0,-3).

A dual basis for the generators of the Kéhler cone K(Pg-) is

Ky = Di3+2D; — Dy — D3+ Dg + D7 + Dg + 3 Dy,

Ky =3D;i+ Dy3+ 3Dy,

Ks = D3 +2Dq + 3Dy,

Ky = D13+ 2Dy — Dy + 3 Dy,

Ks =Di3+2D; — Dy — D3+ 3Dy, (4.30)
K¢ = Di3+ 2Dy — Dy — Dy + Dg + Dg + 3 Dy,

K7 = Dg+ D13+ 2Dy — Dy — D3 + 3 Dy,

Ks = Dy + Dy,

Kg = Do + Ds.
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The Calabi-Yau complete intersection X" is then defined by X = K; K. It turns out that
the divisors D13, D14 do not intersect X" Therefore, all

1,1
h7

(X)) = (X =7 (4.31)
Kahler moduli are realized torically. Since there are two divisors that do not intersect,
finding the Mori cone is somewhat subtle. First, we have to restrict the lattice of linear
relations to the sublattice orthogonal to these two directions. For the generators of the
toric Mori cone NE(Y*)toriC, this means that 111) — 3l11) + lﬁ”, ﬂf) — 3112) + ﬂf) and that

), 710

we drop [} as well as the entries corresponding to intersections with Dis, Di4. In

addition, we prepend the intersection numbers with DOJ and D072. This yields

I =(=3, 0, 0, 0,0, 0, 0, 0, 3, 0, 0,—2, 1, 1)
1 =( 0,-3 3, 0 0-2 1, 1, 0, 0, 0, 0, 0, 0)
1 =0, 0,1, 1, 0, 1,1, 0, 0, 0, 0, 0, 0, 0)
=(Co, 0, 01, 1, 0, 1,=1, 0, 0, 0, 0, 0, 0) (4.32)
= o0, 0, 0, 0-1, 0, 0, 1, 0,—1, 0, 0, 1, 0)
19 =( 0, 0; 0, 0, 0, 0, 0, 0,~1, 0, 1, 1, 0,—1)
I =( 0, 0; 0, 0, 0, 0, 0, 0, 0, 1,—1, 0,—1, 1).
The dual basis of divisors is
T = %R’% s, Jy = %R’lf(%, Ji = K1 K> K,
J5 = K1 KK, Ji = K1 Ky Ky, (4.33)
Ji = K1 Ry K, J; = K\ KoK,

We now try to identify this basis Jj,...,J; of divisors on X" with the basis
{¢, 1, 01,91, T2, V2,12 } of divisors on X in eq. (R.5). It turns out that there is more than
one way to identify the bases if one only wants to preserve the triple intersection numbers.
To obtain a unique answer, we also need to identify the actions by G35 and G2 as well.
First, the G% action on H?(Pg.,Z) is defined by eq. (f.1J). Using the linear equivalence
relations

2Dy — Dy — D3 +2Dy — D5 — Dg =0
—Di+2Dy — D3 — Dy +2D5 — Dg =0

2D7 — Ds — Dy + 2D1g — D11 — D12 =0

—Dy+ D3 — D5+ Dg — Dg + Dg — D11 + D13 =0
—D4 — D5 — Dg + Do+ D11 + D12 — D13+ D1y =0

(4.34)

and the definition eq. (f=33), one can compute the induced group action on H*(X ', Z). We

,27,



find

Ji 100000 0 Ji
J3 0100000 J3
J3 03-1100 0 | [J5
o |Ji|l=(03-10100 [|JF]. (4.35)
J: 0000100 J:
Jg 300 010-1][Jg
J# 0000111/ \Js
Second, recall that the Go action on the divisors of X ' is
¢ 100000 0 ¢
1 0100000 T
vy 130-100 0 vy
g2|¢1|=]031-100 0 U1 |, (4.36)
Ty 0000 100 D)
vy 1000 30-1f1w
P2 000 0 31-1/ \4»

see Part A eq. (8.54).
The essentially unique'? identification of divisors on X" and X then turns out to be

T* T* T* *
J1 - Tl7 J2 == T27 J3 == 1/}27 J4 == U27

J3 =9, J§ =311 4+ v1 — Y1 = ga (), J; = w1 (4.37)

Note that we are identifying divisors on X" with divisors on X in eq.(l:37), something
that one would usually not do. However, in view of the anticipated self-mirror property,
X" >~ X, this is a sensible thing to try to attempt. And, indeed, the identification above
is an isomorphism of the intersection rings.
Regardless of this identification, we now continue to apply mirror symmetry. First,
the second Chern class is
o (X7) - Jf =12, (X)) Jr=0, (X)) J=12

(X)) Ji=c(X) Jf=24, (X)) - Jj=c(X) J5=12 (4.38)

Using this information, we now compute the B-model prepotential

3 1
T o1, a7) = 35 + 304g5 + 263 + 30507 + 3arass + 3asd5a7 + 545
3 3
+ 3030495 + S4547 + 303040547 + 445 (4.39)

8 8

3
+ 394939205 + 397959496 + 391959697 + @qé + 0(¢°).

Finally, we insert the mirror map and obtain the A-model prepotential on X . Since we
already identified the bases Ji, ..., J& with the divisors on X, we will use the same names

12Up to the g2 and g5 ' symmetry.
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(but with an added * superscript) for the Fourier-transformed variables to expand the
prepotential. With this notation, we obtain

3 1 3 3
np * * * * * * * o * 9 %2 -~ p*3 2 px4d 9 px*b
Y*,O(P anaQQ,Q?)’Rl’RQaR?,al)—?)P +8P +9P +64P + 125P
3 3
+ 3P*Q5 + gP*2Q§2 +3P*Q3Q% + 3P* R} + g13*21%;2 + 3P*RQ
4.40
+ 3P*R5Q5Q5 + 3P*R5R5 + 3P* R5R5Q5 + 3P R5 R3Q50)5 ( )
+ 3P*Q1R5R; + 3P QT R5R5Q5 + 9P* Q] RS R5R; + 3P*Q5Q5R]
+ 3P*Q5Q5R1R; + 9P Q3Q5R1 Q5 + (total degree > 6),

see also Part A eq. (8.64). The instanton numbers on X" are the expansion coefficients

L (P Q1. Q5. Q5. BT B3, 5. 1)

— Z nél,n27n3,n47n57n67n7) Lig (P*m Q»{m Q;n3Q§n4RTn5R;nGR§n7). (4_41)

N1y

We see that we almost get the complete instanton expansion eq. (B.1(), we only miss the
expansion in the b} variable which is not computed by the toric mirror symmetry algorithm.
Up to total degree 5, the instanton numbers are

~—* %

X _ X _ _ X _
(1,000,000 =5 (1,000,010 =3 (1000011 =3  1,0,10000) =5

y* . % . Y* . y* .
n(1,01,001,0 =5  N{1,01,001,1) =3  M1,01,1,000 =3 (1,011,010 = (4.42)

Y* . Y* . ——* . ——* . .
n(1,01,1011) =3 N(1,1,00012) =9 "1,01,21,00 =0 M{1,01,1,1,1,0) =3

% % %

X _ _ X _
n11,1,001,0) =3 P{1,1,00011) =3 M{1,0,1,1,1,00) =5

Finally, let us take a look at the G% action, see eq. (f.13)). Of the 7 generators of
the toric Mori cone, eq. ({.32), only the 3 generators lﬂ), lf ) and lf’ ) are invariant. Not
surprisingly, the dual G3-invariant divisors

=0, Ji=mn, J=m (4.43)

were identified with the Gy-invariant divisors on X in eq. ([#.37). Therefore, only 3 Kéhler
parameters survive to the quotient X* = X /G5, and we have

hH(X) = r'2(X) = D (XY) = hP? (X)) = 3. (4.44)
4.6 Instanton numbers of X*

Now that we have the expression eq. ({.41) for the prepotential on X", we can again apply
a suitable variable substitution

{P*’QTaQSana T’R;’Rg, T,bz} — {p*,q*,T‘*,bT,b;} (445)

and obtain the prepotential on the quotient X* = X" /G5. The correct way to replace
the variables is determined by the group action on the homology and cohomology as we
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X* X* X* X
(nl’ n, n3) n(n17n2,n370) n(m,m,n&l) n(n17n2,n372) n(m,m,ns)

(1,0,0) 3 3 3 9
(1,0, 1) 12 12 12 36
(1,0,2) 42 42 42 126
(1,0, 3) 120 120 120 360
(1,1,1) 48 48 48 144
(1,1, 2) 168 168 168 504
(2,0,1) —6 —6 —6 —18
(2,0, 2) —84 —84 —84 —252
(2,1,1) 96 96 96 288
(3,0, 1) 3 0 0 3

Table 3: Instanton numbers ngfl j nayng,ms) computed by toric mirror symmetry. They are invariant
under the exchange ns < ns, so we only display them for ny < ng.

explained in Part A. Having computed the G5-action in eq. ([l.35), we determine the descent
equation for the prepotential to be!?

1 * * * * * 1 n * * * * * * * *
T 0P q" 7,01, 05) = ’Gy&";*vo(p Lt b5, by, 032 b2 b, (4.46)

Using the series expansion of the prepotential for b7 = 1 on X" from subsection B3, we
now find that

2
F o™ q" 7", 1,b3) = D 3% (Lis(p*sz)+4Liz(p*Q*b§j)+4Lis(p*?“*biij) }

=0 +14 Liz(p*q*?by’ ) +16 Liz(p*¢*r*b5’ )+ 14 Liz (p*r*2b3”)
+40 Liz(p*q*3by” ) +56 Lis(p*q*2rby’ ) +56 Liz(p*q*r2b5’)
+40 Liz (p*r*3b,7) +105 Liz (p*¢*4b;’ ) +160 Liz (p*¢*3r*b3’)
—2Liz(p*2q*by’) —2 Lis (p*2r*by’)
~28 Lig (p"24"205)+ 82 Lig (07210 )~ 28 Lig (721203 ) )

+ 3 Lij (p*?’q*) + 3Li3(p*3r*)

+ (total p*,¢*, r*-degree > 5).

(4.47)
The corresponding instanton numbers
Fxuo@ a7, 1,05) = Z n{f;m,n&m) Lig (p*™ g2 r*3b5™?) (4.48)

ni,n2,n3,msa

are listed in table f.

BInterestingly, eq. () turns out to be exactly analogous to eq. (), even though the identification
of divisors on X and X is not just a relabeling of divisors.
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For comparison purposes, we list the summed instanton numbers on X as well, see
eq. (.27). One observes that the sum over the more refined instanton numbers on X*
equals the summed instanton number on X, another clue towards X being self-mirror.

4.7 Instanton numbers assuming the self-mirror property

So far, we have alluded to X being possibly self-mirror, but not actually made use of this
property. Now we are going to assume the self-mirror property and, hence, obtain the
prepotential on X as

g;lgo(p,q,r, bl,b2) = gr)l(p*,o(p’q’ry bl,b2)' (449)

Note that at linear and quadratic order in p we can actually recover the by, by expansion
from the summed instanton numbers in subsection [£.4 and the factorization which we will
prove in section fi.

In contrast, for the prepotential terms at order p® we have to use the X* prepotential
to obtain the by expansion from eq. ({.47). Since this is based on a toric computation
on X, we do not directly obtain the b; expansion. However, note that the fact that ¢;
acted torically, eq. (B.3d), and g non-torically, eq. (R.3H), is just a consequence of the
choice of coordinate system on P? x P! x P2, By a suitable coordinate choice, we could
have made any one of the four Z3 subgroups of G = Zs x Z3 act torically. Therefore, any
combination of by, by other than 1 = b9 has to occur in the same way in the complete
series expansion of the prepotential. We conclude that the prepotential can only depend
on b; and be through the combinations

2
1, > bivd. (4.50)
4,j=0
This observation lets us recover the full b1, by expansion of the prepotential. To summarize,
we obtain 2 A A A
FEop ;b1 b2) = > ( Liz(pbb}) +4 Lis (pgb b} ) + 4 Lis (prbs b3) |
i.j=0  4+14 Liz(pqg®b!b3)+16 Liz(pqrvib})+14 Liz(pr2bt b))
+40 Lis (pngilb;) +56 Liz(pg?rbib3)+56 Liz (pgr2bibl)
+40 Liz(pr3v} v 7)+105 Liz(pg*bt v 2)+160 Liz(pg3rb v )
+196 Liz(pg2r2bib] })+160 L1;»,(pq7"31)Z v 2)+105 Lig(prib v %)
—2Liz(p?qbt b]) 2 Liz(p?rbi b7) 28 Li3(p? lelb;)
+32 Lig(p?qrbi b)) — 28 Liz (p?r?bi b)) — 192 Liz (p?¢®bi b))
+440 Liz (p2q?rbi b)) +440 Liz (p?qr2bi b)) — 192 Liz (p*r3b} bjz))

2
+ 3Liz(p3q) + 3Li3(p37’) +9Lis(p®¢%) +27 > Lis(p*¢*bib))

i,j=0
+9Lis(pP¢?) + 27 Z Liz(p*¢?bi b))
,J=0
2 . .
+ 27 Liz(p®qr) + 81 Z Lig(p?’qrb’lb%) + (total D, q,r-degree > 6).
ij=0

(4.51)
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L m,0.0) MLy mgmama)e (M1:1M2) 7 (0,0)
Bl o1 2 3 4 Lo 1 2 3 4
n9 no
0 | 1 4 14 40 105 0|1 4 14 40 105
1| 4 16 56 160 1| 4 16 56 160
2 | 14 56 196 2 | 14 56 196
3 | 40 160 3 | 40 160
4 105 4 | 105
N o.ms.m3,0.0) Mo mgmyma)e (M1:1M2) 7 (0,0)
Bl 1 3 Bl 1 2 3
n2 na
0| 0 —2 —28 —192 ol 0 -2 —28 —192
1| -2 32 440 1| -2 32 440
9 | —28 440 2 | —28 440
3 | —192 3 | —192
”é,n27n3,0,0) ém,n&mhm), (m1,ma) # (0,0)
Bloo1 2 Bl o1 2
no no
0l0 3 36 0l0 o 27
1 |3 108 1 | o 81
2 |36 2 |27

. X
Table 4: Instanton numbers Ny sngns,mama)

all non-vanishing instanton numbers for ny; + ng + ng < 5.

4

computed by mirror symmetry. The table contains
The entries marked in bold depend

non-trivially on the torsion part of their respective homology class.

Obtaining all of these terms required a computation of 3’"% 0 in eq. ({.39) up to total degree
23 in the 7 variables, which is close to the limit of what can be done with current desktop

computers.
We list the instanton numbers in table . Observe that the instanton numbers some-

times do depend on the torsion part of their homology class.

5. The self-mirror property

When one speaks of a Calabi-Yau manifold Y being self-mirror, one has to indicate which
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level of invariants one is referring to. In particular, one might think of four types of
invariants that are natural from the point of view of string theory. The weakest level
is just the Euler number. In general, exchanging complex structure and K&hler moduli
changes the sign of x(Y) = 2h!(Y) — 2h21(Y"). Therefore, a necessary condition for Y and
its mirror Y* to be equal is obviously that

X(Y) = —x(¥Y") =0. (5.1)

This level of invariants, however, is much too crude and therefore insufficient. A much
stronger level is based on the fact that the cohomology groups of even degree come with
an integral lattice structure and form a ring, and therefore have a product. Because of
Poincaré duality, that is, H2(Y) = H*(Y)V, it is sufficient to look at H?(Y). There is a
product H*(Y)x H*(Y) — H?(Y') whose structure constants r; are the triple intersection
numbers. These intersection numbers are finer invariants than just the dimensions of the
cohomology groups, and a self-mirror Calabi-Yau threefold should satisfy

Kijk(Y) = Kije(Y™). (5.2)

For simply connected threefolds with torsion-free homology a theorem of Wall [[t]] states
that the cohomology groups with the intersection product x;;,(Y") together with the second
Chern class co(Y') determine the diffeomorphism type of Y.

If, however, Y and Y™* have non-trivial fundamental groups then we cannot conclude
that easily that they are diffeomorphic. But the non-trivial fundamental group is often
reflected in torsion in homology (for example if m1(Y) is Abelian). In that case, the
conjecture of [ff] says that for any Calabi-Yau threefold Z

H3 (Z’ Z) tors — H2 (Z*’ Z) tors’ H2 (Z’ Z) tors — H3 (Z*’ Z) tors’ (53)
Therefore, a self-mirror manifold Y = Y™* is expected to satisfy
H*(Y,Z),.  ~H*(Y,Z), . (5.4)

Of the many spaces Y satisfying eq. (5.1]) there are only a few which also satisfy eq. (b.9).

So far we only considered classical topology, but we know that the ring H?(Y") expe-
riences quantum corrections when going far away from the large volume limit. At small
volume the intersection numbers are replaced by the three-point functions Cj;(q) of (topo-
logical) conformal field theory in eq. (B.53). In the large volume limit ¢ goes to zero and the
Cijk(q) g0 to Kijk, as expected. The Cjjx(q) are characterized by the genus zero instanton
numbers ng)) = ng. In mathematical terms, these are resummations of the Gromow-Witten
invariants of Y and characterize the symplectic structure of Y. This level of invariants is
even stronger than the cohomology ring, since there are examples of diffeomorphic mani-
folds which have different Calabi-Yau structures, i.e. different n&o) [64, B, B1]. Therefore,
a self-mirror Calabi-Yau threefold Y must satisfy

ng (V) = n{(v"). (5.5)
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One can go even further and couple the topological conformal field theory to topological

(9)

gravity and define higher genus instanton numbers n;”’, where now
nDv)y=nW "), g>0 (5.6)

has to hold. These invariants are very difficult to compute, however see [53, 53] for recent
progress. We do not know whether they contain more information about the symplectic
structure than the genus zero invariants. In other words, there are presently no examples
known whose nglg ) agree for g = 0 but differ for g > 0.

Now, one can start with any Y and use some method to construct the mirror Y*.
Among these are the Greene-Plesser construction in conformal field theory, or its geometric
generalizations by Batyrev and Borisov for complete intersections in toric varieties. Then,
to show that Y is self-mirror one proceeds to compute the various invariants. The simplest
condition, eq. (b.1), can directly be checked in terms of the toric data. This concretely
means that one starts with a mirror pair Y and Y* satisfying eq. (b.1]) and checks whether
egs. (6.9), (.4), (6.5), and (5.6) are satisfied. In fact, in section f] we collected a large
amount of evidence in favor of the claim that X and its Batyrev-Borisov mirror threefold
X* are the same. Indeed, egs. (B-24), ([E11)) and (f44) show that X, X, and X satisfy
by construction the constraint eq. (f.1]) on the Euler number. More interestingly, by
the identifications found in eqs. ([:37) and ([E43) we observed that the condition on the
intersection ring, eq. (5.J), is satisfied for X and X, respectively. Next, eq. (2§) and
table | show that X also fulfils the requirement eq. (5.§) on the genus zero instanton

numbers. It would be very interesting to see whether also the condition eq. (@) for higher
genus curves can be met.
Finally, we consider the torsion in cohomology. In Part A section 5we have shown that

H3(X,Z), ~H*(X,Z),  ~73®Zs, (5.7)

tors tors

as we expect from a self-mirror threefold. Moreover, we can actually compute the fun-
damental group of the Batyrev-Borisov mirror independently. For that, first notice that
the quotient X=X~ /G5 is fixed-point free, see subsection [l.9. The mirror permutation
G35 on X" acts freely as well. Therefore, both X and X™* are free quotients by a group
isomorphic to Zgz @ Zg, thus their fundamental groups are

m1(X) ~m (X*) ~ Zs ® Zs. (5.8)

Moreover, on can easily show that on a proper!? Calabi-Yau threefold Z one has
H?(Z,Z)tors = 71(Z)ap, the Abelianization of the fundamental group. Hence, we see that

HB(Xa Z)tors = ZB S ZB = H2(X*, Z)tors (59)

and the first of eq. (F.9) is true. This provides the first evidence for the conjecture of
in a context other than toric hypersurfaces.

1A proper Calabi-Yau threefold has holonomy group the full SU(3). In particular, this implies that the
fundamental group is finite.
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Another point of view is that there is a geometrical or rather combinatorial reason
for the self-mirror property in this case. From eqs. (B.20) and (B.29) one can easily see
that the lattice points v;, vg4i, 13, V14, ¢ = 1,...,3, span a sub-polytope of V* satisfying
the same linear relations as all the lattice points p; of A* in eq. (B.7). Hence, this sub-
polytope is isomorphic to A*. The same is true for the polytopes V* and A*. The toric
variety Pg. which is the ambient space of X" can therefore be regarded as a blow-up of
a quotient of Px., the ambient space of X. Actually, this blow-up makes all 7 divisors of
X" toric. Similarly, Py« can be regarded as a blow-up of a quotient of Pa«. As shown
in subsection B.3 this entails that all 19 Kéhler moduli of X* are realized torically. Note
that it is possible that the mirror polytopes A* and V* are actually isomorphic. In fact,
for toric hypersurfaces there are 41,710 self-dual polytopes [(4]. The novel feature in our
case is that non-isomorphic polytopes lead to self-mirror complete intersections, consistent
with the nef partitions.

6. Factorization vs. the (3,1,0,0,0) curve

One interesting observation is that the prepotential 3’“;1?0 at order p, see eq. ([L.51)) in this

paper and eq. (8.34) in Part A [1], factors into Z?jzo

This means that the instanton number for any pseudo-section (curve contributing at order

’117; times a function of p, g, r only.

p) does not depend on the torsion part of its homology class. In other words, for any
pseudo-section there are 8 other pseudo-sections with the same class in Ha(X,Z)fee and
together filling up all of Ho(X,Z)tors = Z3 ® Zs3. In contrast, this factorization does not
hold at order p3. For example,

T (0, 4,7, b1,b2) = -+ 3p°q
+ 0(b1 + b2 4 by + byby + b2by + b3 + by b2 + b%b%)pi”q 61)
+ oo

The purpose of this subsection is to understand this behavior.

First, the factorization of the prepotential at any order of p not divisible by 3 follows
from an extra symmetry that we have not utilized so far. The covering space X is, in addi-
tion to egs. (2-3d) and (B:3H), also invariant under another G = Z3 x Zs action generated

27

by (( e (
[T0 : @1 : 2] > [z0 2 Cop : (P

g1 : 1 [to : t1] — [to : t1] (no action) (6.2a)
[Yo : y1:y2] — [Yo : y1 : Y2 (no action)

and
(
[To : 1 : T2] > [T1 1 T2 @ 3]

92 1 [to : t1] — [to : t1] (no action) (6.2b)

[Yo : Y1 :y2] = [yo : y1 : y2] (no action)

This symmetry has fixed points and, therefore, cannot be used if one is looking for a
smooth quotient of X. However, it commutes with G and hence descends to a G =173 xZs

,35,



symmetry of X (with fixed points). Clearly, the instanton sum must observe this additional
geometric symmetry. To make use of this symmetry, we have to express its action on the
variables in 3’“;1?0 (p,q,7,b1,b2). We can do so by first noting that the basic 81 curves

s1xsa C X,  s1€ MW(By), so € MW (By) (6.3)

are really one orbit under G x G. Recall that, after dividing out G, these curves became
the 9 sections in MW (X) = Z3 & Zs, see Part A subsection 8.3. We now observe that
MW (X) = {s;;} isone G-orbit; since each of these sections contributes pb’ibg, i,7=0,...,2
the induced G action on the prepotential must be

g1 I g, 7, 01,02) = T (bip, g, 7, b1, b2), (6.4)

g? : grg(lio(paqua blabZ) '—>9'~§(1?0(52p7q77”7 blabZ)-
Clearly, the prepotential must be invariant under the §;, §o action. While imposing no
constraint on the p3” terms in the prepotential, all other powers of p must appear in the
combination

2
p"( Z bibg), n#0 mod 3. (6.5)
i,j=0
This proves the factorization observed at the beginning of this subsection.

Second, we would like to understand the p3¢ terms in eq. (-1). These are the curves

in the homology classes!®

(3,1,0,%,%) € Z° ® Z3 ® Z3 = Ha (X, Z). (6.6)

We will show that the rational curves in this class come in a single family, that is, the
moduli space of genus 0 curves on X in these homology classes

Mo <X, (3,1,0, %, *)> (6.7)

is connected. In particular, all such curves have the same homology class (3,1,0,0,0) and
only contribute to p3q in the prepotential eq. (b.]). As discussed in Part A section 5,any
such map Cx : P! — X factors

c;(\{ / . (6.8)

The map C can be written in terms of homogeneous coordinates as a function

. 1 2 1 2
C)? ) P[ZO:Zﬂ = P[ﬂﬁoil‘rw] X P[tottﬂ X P[yoryliyﬂ (6.9)

15Recall that the exponent of p is the degree along the base P'. This is why we pick a basis in Hy (X, Z)tree
such that a curve in (n1,n2, ns, mi,ms) contributes at order p™*¢"2r™3b7" by"? in the prepotential.
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satisfying the equations (R.2d) and (R.2H) defining X,

FlOC)’Z([ZO : 2’1]) :O:FQOC)"(:([ZO :21]) V[Zo :21] E]P’l. (6.10)

The curve Cx ends up in the homology class (3, 1,0, , *) if and only if the defining equa-
tion (6.9) is of degree (3,1,0) in P? x P! x P2, Hence, eq. (6.9) is defined by complex
constants a;j, Bi5, vi (up to rescaling) such that

Ti = 04o 20 T Q1 21 1=0,1,2
ti = Bio 2 + B 2821 + Bz 2073 + B2} i=0,1 (6.11)
Yi =i 1=0,1,2.

These constants have to be picked such that the resulting curve lies on the complete
intersection X, that is, they have to satisfy eq. (6.10). Inserting eq. (b.11]), we find that
Fio C)? ([zo : zl]) is a homogeneous degree 6 polynomial in [zg : z1]. Since the coefficients
6—k

of zgz must vanish individually, this yields 7 constraints for the parameters a;j;, 3;;.

What makes this system of constraint equations tractable is the fact that they are all linear

in B,

A 0 0 0 A5 0 0 0 Foo
Ay A1 0 0 AgAs 0 0 for
As Ay A1 0 A7 Ag As 0 o>
FioCz=0 & |Ag A3 Ay Ay Ag A7 Ag As fos | _ (6.12)

0 Ay A5 Ay 0 As A7 Ag Fro
0 0 Ay A3 0 0 Ag A; fu
0 0 0As4 0 0 0 Ag fra

B13

where
Ay def 0480 + Oé:fo + Oégo Ag def Qpo10020

def 2 2 2 3 def

Ay = 3agiagy + 3analy + 3ag1a50 + oy Ag = (ap1a1o + oo ) g + apoipael
def 2 2 2 def

Az = 3agyano + 3agya10 + 3ag; o A7 = agraniago + (agraig + agoarr )t

Ay def 0431 + Oé:fl + Oé%l Ag def Q111001 -
(6.13)
Thinking of this as 7 linear equations for the 8 parameters (3;;, there is always a non-zero
solution. The solution is generically unique up to an overall factor, and turns into an
P™ for special values of the a;;. Moreover, the parameter space of the «;; is connected
(essentially, the moduli space of lines in IP)Z). Since we just identified the parameter space
of the (aj, i) as a blow-up thereof, it is therefore connected as well.
It remains to satisfy F» o C'y = 0. One can easily see that the only way is to pick the
~; to be simultaneous solutions of

W%+ =0 =72y (6.14)

Since two cubics intersect in 9 points, there are 9 such solutions, permuted by G. Therefore,
the parameter space of (cj, 3ij,7:) has 9 connected components, permuted by the G-action.
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The moduli space of curves Cx on X is the G-quotient of the moduli space of curves C' on
X, and therefore has only a single connected component. By continuity, every curve Cx in
this connected family has the same homology class, explaining the piece of the prepotential

given in eq. (b.1)).

7. Towards a closed formula

Putting all the information together we found out about the prepotential on X, one can
try to divine a closed form for the prepotential. We guess that the order p™ terms have the
closed form

n pn i17J n
Fxopsq,m, 51,52)‘1)” =gl Z b1 by <P(C])4P(T)4> May—2(q,7) (7.1)
1,J€EZL3

if n is not a multiple of 3 and, slightly weaker, that

n 9p" n
T 1) = gy (P@P0)!) Manoa(a.n) (7.2)

if n is a multiple of 3. Here,
e P(g) is the usual generating function of partitions eq. ([[.4).

e The My, o are polynomials in the Eisenstein series Ea(q), F4(q), Es(q) and Ea(r),
E4(r), Eg(r), starting with

M_5(q,7) =0
My(q,r) =1
Ma(q,r) = Ea(q)Ea(r)
May(q.r) = %E4(Q)E4(7“) + i(E4(Q)E2(T)2 + Ez(Q)2E4(7“)> + £E2(Q)2E2(T)2
Mi(a,7) = 5= Eo(@)Bo(r) + 25 (Bola) Ba(r) Ba(r) + Ex(a) Ba()Fo(r))
+ 5 (@) Bar)® + Ea(0)* Bo(r) + 1oL Bal0) Bala) Ba(r) Ba(r)
+ 2 (B Ba(r) Bo(r) + Ba(@) Ba(@) Ba(r)?) + 12 Fn(a)* Bo(r)?
Mi(a,7) = 2 Bo()Bala) Bolr) Ba(r) + 50 Ba(a) Ba(0) B1(r) Ba(r)
+ 1o (Bs(@Ba0) Ea(r) Ea(r) + Ea()Bal0) Eo(1) Ear)
+ 2 (Bo(@) B2 (@) Ba(r) Ba () + Ea(a) Ba()* Bo(r) ()
+ 15 (BB Bo)* + Bala) Bo(r) ()

,38,



+ il (E4(Q)E4(Q)E4(T)E2(T)2 + E4(Q)E2(Q)2E4(T)E4(T)>

216
+ 3 (BB Ba(r)' + Bala)' Ba(r) Bar)) -
+ %4E4(q)Ez(q)2E4(7‘)Ez(?“)2 + %EQ(Q)4E2(T)4 |
+ 3 (B0 Bala Ba(r)! + Bo(a)* Ba(r) Ba(r)?).

They are symmetric under the exchange ¢ < r and of weight 2n in ¢ and r separately.
But, for example, M4 above does not factor into a function of ¢ and a function of r. So
the Ms,,_5 are not the products of the polynomials appearing in the d Py prepotential.
However, by setting ¢ = 0 or » = 0 one recovers the corresponding polynomials in
the dPy prepotential [Bg].

e The F5; are the usual Eisenstein series

Ey(q) =1 —24q — 72¢% — 96¢° — 168¢* — 144¢° — 288¢5 + O(¢")
E4(q) = 1+ 240q 4 2160¢° 4+ 6720¢° + 17520¢* + 302404¢° 4+ O(¢%) (7.4)
Eg(q) = 1 — 504q — 16632¢> — 122976¢> — 532728¢* + O(¢°).

Note that the naive Taylor series coefficients of the prepotential are fractional, but when
expanding in terms of Liz’s (which account for the multicover contributions) one finds
integral instanton numbers.

These expressions for the prepotential agree with all instanton numbers computed in
this paper. Unfortunately, we have not been able to guess a closed formula that includes
the b1 and bs dependence of the prepotential 3";150 (p,q,7,b1,b2)|pn if n is divisible by 3. We
expect that these involve extra functions beyond the Eisenstein series.

8. Conclusion

In the initial paper Part A [, we analyzed the topology of the Calabi-Yau manifold of
interest and found that

Hy(X,Z) =7° & Zs & Zs. (8.1)

Although the presence of torsion curve classes complicates the counting of rational curves,
we managed to derive the A-model prepotential to linear order in p.

The goal of this paper is to go beyond the results of Part A using mirror symmetry.
By carefully adapting methods designed for complete intersections in toric varieties, we
can apply mirror symmetry to compute the instanton numbers on X, even though X is
not toric. Using that X is self-mirror, we completely solve this problem and are able to
calculate the complete A-model prepotential to any desired precision (and for arbitrary
degrees in p), limited only by computer power. Carrying out this computation, we find the
first examples of instanton numbers that do depend on the torsion part of their integral
homology class, see table f] on page BJ.

Since the self-mirror property of X is important, we investigate it in detail. In doing
so, we go far beyond just checking that the Hodge numbers are self-mirror. In particular,
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we find that the intersection rings are identical and that torsion in homology obeys the
conjectured mirror relation [f]. Finally, going beyond classical geometry, we independently
calculate certain instanton numbers on X and its Batyrev-Borisov mirror X*. Again, we
find that X and X* are indistinguishable, providing strong evidence for X being self-mirror.
Both of these results extend those found in Part A [I].

Using these results, we are able to guess certain closed expressions for the prepotential
of X in terms of modular forms. In certain limits it specializes to the dPy prepotential
of [@] There it is known that the coefficients in p of the d Py prepotential satisfy a recursion
relation. Moreover, there is a gap condition, that is, a certain number of subsequent terms
in a series expansion is absent. This condition provides sufficient data to determine the
integration constants for the recursion and allows to determine the prepotential completely,
even at higher genus. We expect a similar story to be valid for the prepotential of X.
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A. Triangulation of V* and V*

In principle the coherent triangulations of the fan over V* can be computed with TOPCOM
by finding the 720 star triangulations in the total of 230, 832 coherent triangulations of V*.
The discussion of the symmetry properties is greatly facilitated, however, by an explicit
understanding of their structure. We will work out the triangulations by first triangulating
the facets and then checking the compatibility of their maximal intersections and the
coherence of the resulting star triangulations.

We start with a couple of useful definitions. A circuit is a minimal collection of n
affinely dependent points p1, ..., pn,

Mpi+ .o Aapn=0  with M +...4 =0, \; £0, (A.1)

any proper subset of which is affinely independent. The coefficient vector A, hence has
nonzero entries and is unique up to a prefactor. We indicate the unique separation into
points with positive and negative coefficients with the notation (p;, ...pi,|Pi,y; - - - Pin)-
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Each circuit admits two different triangulations, which are obtained by dropping one of
the points with positive coefficients and one of the remaining points, respectively. We
indicate this with a hat over the relevant subset. The two resulting triangulations

(pir - DislPives - - -Pin ) (piy - Di|Pi Ty - Pin) (A.2)

hence consist of s and n — s simplices, respectively. If the first point is in the convex hull
of the others, that is, s = 1, then only one of the triangulations is maximal (all points are
vertices of at least one simplex).

Furthermore, we introduce the notation:

a; = v;, b, = V34i, Ci = Vg+i, d; = V1944, 1=1,2,3,
e = 113, f = l14. (A3)

Among these 14 vectors in eq. (A.d) there are 9 independent linear relations, see eq. (B.21),

a1+a2—|—a3:0, Cl—|—02+6320,

(A.4)
e+ f=0, b; = a; + e, d=c+f,

which imply others like a; +b; = a; + b; and a; +¢; = b; +d; or e = %(bl + by + b3) and
f=3(d +dy+ds).

Lemma 1. V* has 15 facets, 6 of which are simplicial:

[aiajbibjclcmdldm] i<js [aiajdldgdg} i<y’ [blbzbgclcm] l<m’ (A5)
l<m

The nine non-simplicial facets form an orbit under the permutation symmetries Zgb X
7§ generated by gqp (3)) — <Zzﬁ) and geq : (Cclé) — (féi) According to the linear
relations eq. (A.4) the eight points on each non-simplicial facet form quadratic circuits
a; +b; = b; +aj, a; + ¢ = b; + d, and ¢; + dp, = ¢, + dj, which we call mized if they
contain vertices of both elements of the nef partition (a;c;|b;d;), and pure circuits (a;b;|b;a;),

(i |emd;) otherwise.
The coherent triangulations of the facets [a;a;b;bjcicmdid,y,] are most easily obtained

from their Gale transform
1-1-1100 0 O

10 -1010 —10], (A.6)
00 001-1-11

which is the coefficient matrix of the basis a; —a; —b; +b; =0, a; —b; + ¢, —d; = 0
and ¢ — ¢, — d; + dy,, = 0 of linear relations. The coherent triangulations are in one-to-
one correspondence to chambers that are seperated by the facets of the cones generated
by all linear bases p = {v1,v2,v3} with v; selected among the 8 column vectors of the
Gale transform [f7, Bg]. In the present case the cones over the faces of the parallel-
epiped in figure [| are subdivided into 24 chambers, which are indicated by dashed lines.
The triangulations, which we can label by the facet containing and the edge adjoining
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Figure 1: Secondary fan of the non-simplicial facets. Chambers are indicated by dashed lines.

the chamber, are obtained as the sets of complements of those bases ;1 that span a cone
containing the respective chamber.

Hence, each non-simplicial facet has 24 coherent triangulations, which can be char-
acterized by the triangulations of its 2 pure and of its 4 mixed circuits: Calling the tri-
angulation (a;¢|b;d;) positive and the triangulation (aicllajﬁ negative, and arranging the
cyclic permutations g,, and g.q in the horizontal and vertical direction, respectively, we
can assign one of 16 different types to each triangulation, where the signs indicate
the induced triangulations of the mixed circuits. The constraints that reduce the a priori

32 = 26 combinations to 24 all derive from the following rules:
a

bi // b; <ai01!5671> A <a/ﬁl“ﬁﬂl> = <%’a/ﬂa> (A7)
Sl R - ¥ W i SR Y
7 J

i.e. a triangular prism can be triangulated in 6 different ways, which correlates the a priori
8 combinations of the triangulations of the 3 squares (with analogous constraints for the
two “horizontal” prisms [a;b;cicmdidy,| contained in the facet [a;a;b:b5¢icmdidyy,]). Putting
the pieces together we obtain

Lemma 2. The 24 triangulations of the non-simplicial facets can be assorted as follows:

e For , EI the pure circuits are unconstrained, yielding 2 -2% = 8 triangulations.

e For , the pure ab-circuit is unconstrained; with the transposed types ,

this accounts for another 8 triangulations.

e The final 8 triangulations come from the 8 types with an odd number of positive signs,
for which the triangulation of the pure circuits is unique.

o The two types and cannot occur because of contradictory implications for

the triangulations of the pure circuits.

The secondary fan and the induced triangulations for the codimension-two faces at
which the non-simplical facets intersect can be obtained from figure [l] by projection along
the dropped vertices. The secondary fan of the prism of eq. (JA.7), for example, which is
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Figure 2: Secondary fan of the codimension two face [a;a;b;b;cid;].
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1-26 9.22 | 18-22 | 6-2% | 36-20 | 36-2! | 9.22

Table 5: The 824 = 2 (64 4 36 + 72 + 96 + 36 + 72 4 36) star triangulations of V*, including the
720 =2(36 + 36+ 72+ 72 + 36 + 72 4 36) coherent triangulations.

shown in figure [, is obtained from figure [] by projection along the diagonal {¢,,d,,). The
wall crossings between the six cones in figure P| are labeled by the circuits whose flops relate
the adjoining triangulations [57].

For the construction of the complete star triangulation we now observe that the non-
simplicial intersections of the 9 non-simplicial facets [a;a;b;b;cicmdidy,] are given by the 18
triangular prisms [a;a;b;b;¢d;)] and [a;bicicpmdidy,]. If we interpret the former as vertices
and the latter as links then the resulting compatibility conditions correspond to a graph
with the topology of a torus. The vertices of this graph are decorated by signs as shown
in table [j and connected by horizontal and vertical links.

The restriction on the compatible signs is due to the absence of the inconsistent types
and as subgraphs on the torus. The multiplicities y - 2" come from the number
n of unconstrained pure circuits and from the order p of the effective part of the symmetry
group generated by transposition and permutations of lines and columns. We thus find a
total of 824 triangulations. The cyclic permutation symmetry that we want to keep on the

Calabi-Yau manifold X~ amounts to a diagonal shift, i.e. its induced action on the graph is
ot

generated by gapgeq- We are hence left with the types £1+ and EEE, and the shift symmetry

furthermore aligns the triangulations of the pure circuits and thus reduced the multiplicities
from 29 to 22, yielding a total of 8 triangulations for which Pg. is G symmetric.

The resulting triangulations of the facet [asazbobscacsdads] are
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Tt triangulation of [agasbabscocsdads]
(agbslagba), (cadslesda) | {[asbabsdads], [babscsdads], [azazbadads), [babscacsda]}
(agbslasba), (cads|esda) | {[asbabsdads], [babscadads], [azazbadads), [babscacsds]} (A-8)
(asbslagbs), (cads|cada) | {[asbabsdady), [babscadads), lasagbadads], [babscacada]}
( ) Al L1 I L1 ]

agbabsdads], [babscadads), [azazbsdads], [babscacsds]}

- triangulation of [agasbabscacsdads]

azazbscacs], [agazcacsds), [aobabzcacs], [azazcadads]}

A9
asagbscacs], [agascacsds], [agbsbacacs], [azazcsdads]} (A-9)

{
{
{

[ I 1 1 ]
[ I 1 1 ]
lazagbacacs], [azascacsds], [azbabscacs), [azazcadads]}
cads|csda) | {[azasbacacs], [azazcacsdsl, [azbabscacs], [azascsdads]}
It can be checked that the triangulations listed in eqs. (A.§) and (A.J) come from the
chambers contained in the cones over [agagcocs] and [babsdads], respectively. For the first of
these triangulations we consider the chamber adjoining the edge [agcs], which is contained
in the span of the four bases p; = {ascacs}, pe = {agasea}, ps = {bscecs} and puy =
{agasds}, whose complements are [agbobsdads], [babscsdads], [azasbadads] and [babscacsds]
in agreement with the first triangulation in eq. (A.§).

Unfortunately, coherent triangulations of the facets that induce the same triangulations
on their common (maximal) intersections do not automatically combine to coherent star
triangulations of the polytope, and indeed only 720 of the 824 triangulations in table f| turn
out to be coherent. The non-coherent ones are easily isolated by observing that coherent
triangulations (via their height functions) induce coherent triangulations of the prisms

[a1agasbybabs] and [c1cocsdydads], which eliminates the triangulations for which Zgb or ng
4

+
is not broken by the triangulation of the pure circuits. For the triangulation types =+ and

- this reduces the multiplicity from 82 to 62. The only other affected types are the ones in
the middle column of table [J, which have unbroken horizontal symmetry and for which the
multiplicity is reduced from 12-8 to 12-6. This poses a problem for the eight Zs-symmetric
triangulations, which are all non-coherent. Coherence of the remaining 720 triangulations
can be established by checking that their Mori cones are all strictly convex [59].

What comes to our rescue is that, even if all projective ambient spaces break the
diagonal Z3 permutation symmetry, it may be preserved on X" if the obstructing excep-
tional sets do not overlap with the complete intersection. In the present case these are the
blow-ups of the singularities coming from the pure circuits, i.e. codimension two sets of
the form a; - bj or ¢; - d,,, where we use, for simplicity, the symbol of the vertex ; for the
corresponding divisor D;. Recall from eq. ([L.5) that X" is given by the product D(’]‘,l -D(’]‘,Q
of the divisors

Dgy =a1+az+az+by+by+ bz +e, Diy=c1+ca+c3+ci+do+ds+ f (A10)

— 44 —



defined by the nef partition. Taking into account the five linear equivalences, we observe
that

ai + by = az + by = ag + b3, c1+dy =co+do = c3+d3,
bi+bo+bs+e=dy+do+ds+ f, (A.ll)

for divisor classes in the intersection ring. We first show that e and f do not intersect X"
In any maximal triangulation e and f belong only to the simplices

[bl/bg?gcmcle] , [dl/dQ\dgamalf] , (A.12)
respectively, so that
eaj=edi=ef=0 = eDj;=e(bi+by+bs+e)=e-(d+da+ds+f)=0 (A.13)
and similarly f - D&Z = 0. Putting everything together, we conclude that

ay - by - Dal =aj-by- 3((13 + b3) =0 (A14)

because none of the facets, and hence no triangle in any of the triangulations contains
{a1,b,a3} or {a1,by, b3} as a subset. Similarly ¢; - dy, - Df, = 0 in the intersection ring
for [ # m. Consequently, all exceptional sets arising from triangulations of pure circuits do
not intersect X and hence do not obstruct the cyclic permutation symmetry G5. We will
denote any of the remaining 36 coherent triangulations of type EEE and — - by T, =T, (V*)
and T_ = T_(V*), respectively.

The polytope V* of the mirror X* of the universal cover has 39 lattice points, with the
same 12 vertices as V* but living on the finer lattice M. The 24 additional lattice points,

see eq. (B.23), are

1 1

aij = g(ai + 2a;), bij = g(bi + 2b;), (A.15)
1 1

cij = 3(ei+2¢5), dij = 3(di +2d;), (A.16)

where ¢ # j. These additional points are all located on edges of V*. It is natural to
consider triangulations that are refinements of the ones that we just discussed. Observing
that the additional points turn all simplices in egs. (A.§), (A.9) and (A.13) into pyramids
over a tetrahedron with interior points on opposite edges it is easy to see that the maximal
triangulations are unique and multiply the number 54 = 9 -4 4+ 6 - 3 of triangles in the
original triangulations by a factor of 9. The resulting triangulations have been used to
show that the divisors corresponding to the vertices a;; and ¢;; do not intersect X*.

B. The flop of X*

In section [£.5 we have taken into account only one of the triangulations 7' (V*). We can
repeat the same calculation with one of the triangulations 7. We denote the resulting
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Calabi-Yau manifold by X . Skipping the details, we find that the generators of the Mori
cone NE(X ") can be expressed in terms of those of NE(X ") in eq. ([£33) as

19 =1 4 510 419 + 19 + 1),
(9 =1 4 519 410 410,
14 = ) 1,

A (B.1)
10— ) [ g _ o) _ @,

=1,

10 =1,

One can also express the dual basis of divisors J! on the flop in terms of the dual basis J*
on X, see eq. (f.33). We find
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Ji = J;, b= TJ;, Jb=3J; +3J5 — J&
Jy = 3Jy + Ji — JZ, Jy=3J5 + Ji — J§, (B.2)
Jo=3J5 — J + J¢, Jy=3J5 — JF + J;.
The intersection ring is
JRI, =1,  JPJ=2 JPl =1, JPJ=3, JPJi=3,
JA =3,  JJR=1, JJLJ,=3, JJhJy=3, JJ5J5=3,
JJh g =3, JJhJh=3,  JJE=6, JJJ,=6 JJ5JL=09,
KT =9, LI =9,  JJE=3, JJJJi=9, JJJs=09,
JJe =9,  JJE=9  JJLJ=9 JJIT=9  JJE=09,
JJJh =9, JJF=9  JRJ,=3,  J2J, =3, J2J=3,
JRTe =2,  JRT =1, LJE=9  JJJ, =9, JJLJL =09,
BITE =9, BT =9,  LJE=9, JLJJi=9, JJJi=09,
BT =9,  JJ2=9 LT =9 JJLIL=9  JJ?=6, (B.3)
BT =6, Ty JP =3, JB =18, JRJ, =18, JRJL =21,
JEI =21,  JET =21, LJE =18, J3JyJE =27, J3J,Js =21,
BT Jh =21, BJR =21, BJEIs=21, LI, =27, JJE =217,
T J6 T =27, JhJ? =21, Jg=9,  JRJ=21, JPJt =21,
JR =21,  JJE =21 JLJJs=21, LI, =21, T J¢ =21,
Ty Jede =21, J,J? =21, JB =21, JPJi=21, JPJ, =21,
JsJE =21, JLIEJL =21,  JsJP =27, JB =18, JEJL =18,
TP =18, JB =9



The second Chern class is

e (X7) - J5 =18,
24, (X)) Jy=c2(X0)

T =

o (X7) - Jy =12,

- Jh = 30.

(B.4)

We observe that both the intersection ring and the second Chern class cannot be brought

into (R.§) and (f.3§) by a linear transformation with integer coefficients, respectively.

Hence, the second phase really is topologically distinct.

We denote the Fourier-transformed variables in the B-model prepotential (B.5§) by

¢, i =1,...,7. With this notation, we obtain

45 ,5 45

FZ o a7) =34 + 3¢5+ 345 —
L2 s 20
g LTy 9
12333 ,4 12333 4 3 .
o a1 o1 ) +64Q5 +3q
3 12 12 3 12 12

+§C]5 46 +§C]3 qs

+ 345d4qba + 3 dhdbasdl + O(d™).

g 73 3

3. 1,3
— ¢y + - g5 + 3454445 + 3 43a546

2 3 ,2
——qy +=q5 +3q3q5 + 3456

!

+ 354645

113

/13
1494

+ 34207

— 641939495 — 6 45054647

The instanton numbers on X _ are the expansion coefficients in

%k

X
np / / . -
SFY*_,O(ql’ g 1) = Z " (n1,n2,n3,m4,n5,n6,n7)

Nni,...,~v7

Up to degree 4, they read

—* —* ——*

X _ 3 X _3 xX* _3

1%1.0,0,0,0,0,0 = 10,1,0,0,0,0,0 — 1%0,0,0,0,1,0,0 —
X" X" X"

10.2.0,0,0,0,0 = —6 13 0.0,0,0,00 = 27 10300000 = 27
X" X" X"

10.40,0000 = —192 1010100 =3  70,0001,1,0 =9
X" _3 X" _3 X" _3

10,0,1,0,1,1,0 = 10,0,0,0,1,1,1 — 11.0,0,3,0,0,0 —
X" X" X"

n10.1,1,1,00 = 0 n0.1,0,0,1,1,1 = —0 Tgo111,1,0=3

7
Lis (TTai™).

i=1

—*

X_ —
12.0,0,0,0,0,0 —

Y*
14.0,0,0,0,0,0 —

*

o5 =3
10,0,1,1,1,0,0 —

X
10.1.0,0,0,0,3 = 3

X
10,0,1,0,1,1,1 = 3

PRk k]

—6

—192

(B.7)

It is easy to check that the symmetry G35 acts without fixed points on X" so that there are
two phases of the quotient X*, too, with A1 (X*) = h12(X*) = 3 and fundamental group
m1(X*) = Z3 x Zs. They correspond to the two classes of triangulations 7', and T_. The

first phase was studied in detail in section [.J and section [L.6.

We denote the Calabi-Yau manifold in the second phase by X* = X" /G5. From
the linear equivalence relations eq. ([£34) and the definition eq. (B.2) we can compute the
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induced group action on H%(X ,Z) and find

Ji 1000000 Ji

J} 010 0 000 J4

J4 300-110 0 J4
@lJi]=1301-100 0 Jp |- (B.8)

J} 0000 100 J?

J§ 030 0 101 [J

Jh 0300 01-1) \J:

In terms of the three invariant divisors Ji = Ji, J, = J|, J} = J} the intersection ring and
the second Chern class of X* then are

JRI =1, JJR=3 JJE=1, JJyJ, =23,
JRI, =9, JJE=3, JPJ, =09, JpP =21, (B.9)
coJ] =18, cJy =12, cpJj=12.

Again, we observe that there is no linear basis transformation with integer coefficients that
brings both the intersection ring and the second Chern class into (f.1§). Hence, also the
phase X* is topologically distinct from X*.

To give a geometrical interpretation of what happens, we look at the induced action
of G% on the toric Mori cone NE(X ). Only the generators 17 and I in eq. B.1)
are invariant. This is exactly as in the first phase. Denoting the invariant generators
72 70 72 o M @) ,6)
+ bl DY by 47,

, respectively, we observe that phase T_ is obtained from the

o

phase T as a flop by the curve corresponding to the generator [}
0 = ), 1D = 43, S (B.10)

If we use the realization of X in terms of the fiber product of two dPy surfaces, the above
result means that the base P! of X has been flopped.

Furthermore, having computed the G3-action in eq. (B.§), we determine the descent
equation for the prepotential to be

1
Fi o0, d' 7' by, by) = ‘G*‘fff o (P b5, by, 052, 0%, 1Y) (B.11)

The corresponding instanton numbers

FL W d L) = Y Lig (p™ ¢ r""3by™2) (B.12)

(n1,m2,n3,m2)
ni,n2,n3,msa

are listed in table E
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Table 6: Instanton numbers nX’

(nl’ n2, n3) n(m,n27n3,0) n(n17n27n371) n(n17n2,n372) Zm2=0 n(nhm,ns)
(1,0, 0) 3 0 0 3
(2,0, 0) —6 0 0 —6
(3,0, 0) 18 0 0 18
(0,1,0) 3 3 3 9
(1,1,0) —6 —6 —6 —18
(1,1,1) 12 12 12 36
(2,1,0) 15 15 15 45
(1,2,0) 12 12 12 36

*

(n1,12,m3,m32) computed by toric mirror symmetry. They are invariant

under the exchange ns < ns, so we only display them for ny < ng.
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